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Abstract. In this paper, we propose and analyze a product integration method for the second-
kind integral equation with weakly singular and continuous kernels on the unit sphere \BbbS 2. We employ
quadrature rules that satisfy the Marcinkiewicz--Zygmund property to construct hyperinterpolation
for approximating the product of the continuous kernel and the solution in terms of spherical har-
monics. By leveraging this property, we significantly expand the family of candidate quadrature
rules and establish a connection between the geometrical information of the quadrature points and
the error analysis of the method. We then utilize product integral rules to evaluate the singular
integral, with the integrand being the product of the singular kernel and each spherical harmonic.
We derive a practical L\infty error bound, which consists of two terms: one controlled by the best
approximation of the product of the continuous kernel and the solution and the other characterized
by the Marcinkiewicz--Zygmund property and the best approximation polynomial of this product.
Numerical examples validate our numerical analysis.
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polation, point distribution
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1. Introduction. We consider the Fredholm integral equation of the second
kind

\varphi (\bfitx ) - 
\int 
\BbbS 2
h(| \bfitx  - \bfity | )K(\bfitx ,\bfity )\varphi (\bfity )d\omega (\bfity ) = f(\bfitx )(1.1)

on the sphere \BbbS 2 := \{ \bfitx \in \BbbR 3 : \| \bfitx \| 2 = 1\} with surface measure d\omega , where | \bfitx  - \bfity | :=
[2(1 - \bfitx \cdot \bfity )]1/2 denotes the Euclidean distance between points \bfitx and \bfity on \BbbS 2. The
inhomogeneous term f and the kernel K are assumed to be continuous on \BbbS 2 and
\BbbS 2 \times \BbbS 2, respectively, whereas the weight function h : (0,\infty ) \rightarrow \BbbR is allowed to be
weakly singular. Consequently, the integral operator in (1.1) is compact. Through-
out this paper, it is also assumed that the corresponding homogeneous equation to
(1.1) has no nontrivial solutions. Therefore, by the classic Riesz theory [32], the in-
homogeneous equation (1.1) has a unique solution \varphi that continuously depends on f ,
ensuring the continuity of \varphi . In the past decades, numerical methods for (1.1) have
attracted much attention, and many important works have emerged; see, for example,
[10, 13, 14, 15, 18, 21, 30, 36] and references therein.

In this paper, we are concerned with a class of quadrature-type methods for
the numerical solution of (1.1). More precisely, we are interested in computing the
approximate solution \varphi n that satisfies an equation of the form
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QUADRATURE METHODS FOR INTEGRAL EQUATIONS 149

\varphi n(\bfitx ) - 
m\sum 
j=1

Wj(\bfitx )K (\bfitx ,\bfitx j)\varphi n (\bfitx j) = f(\bfitx ), \bfitx \in \BbbS 2,(1.2)

where \varphi n is the computed solution with index n explained in section 2, \scrX m :=
\{ \bfitx 1, . . . ,\bfitx m\} \subset \BbbS 2 is a set of distinct points on \BbbS 2, and W1, . . . ,Wm are continu-
ous scalar-valued functions on \BbbS 2. For a fixed value of \bfitx , we may interpret \{ \bfitx j\} and
\{ Wj\} as the points and weights in a certain quadrature rule

m\sum 
j=1

Wj(\bfitx )g (\bfitx j)\approx 
\int 
\BbbS 2
h(| \bfitx  - \bfity | )g(\bfity )d\omega (\bfity )(1.3)

for some continuous function g, in which the possibly singular kernel h(| \bfitx  - \bfity | ) has
been incorporated implicitly into the weights Wj(\bfitx ). In particular, if h(| \bfitx  - \bfity | )\equiv 1,
then weightsWj become constants wj , and the quadrature (1.3) reduces to the classic
quadrature form with scalar positive weights wj , as follows:

m\sum 
j=1

wjg (\bfitx j)\approx 
\int 
\BbbS 2
g(\bfity )d\omega (\bfity ).(1.4)

The goal of this paper is to propose an intrinsic scheme for the integral equa-
tion (1.1) on \BbbS 2 by providing an explicit construction of Wj(\bfitx ) and to establish a
unified convergence theory for approximations of the form (1.2), incorporating with
the geometry (distribution information) of \scrX m \subset \BbbS 2. This convergence theory not
only addresses convergence itself, which can be achieved using Anselone's collectively
compact operator approximation theory [6] with Sloan's modification for the singular
term [33] but also the rate of convergence, derived with the aid of the authors' recent
work on hyperinterpolation [3, 4, 5]. It should also be noted that Sloan's modification
in [33] for singular kernels was proposed for equations on the interval, while we are
extending it to the sphere \BbbS 2 in this paper.

In traditional numerical analysis, the chosen points \bfitx j are often required to satisfy
some exactness assumptions, that is, the quadrature rule in these points is assumed
to be exact for polynomials of certain degrees. A typical choice of \scrX m on spheres is
spherical t-designs [17]. However, in more realistic applications, the available points
may not fulfill this desired assumption due to economic or engineering limitations.
To address this issue, we assume \scrX m to satisfy the Marcinkiewicz--Zygmund property
without exactness assumption in this paper. Consequently, besides spherical t-designs,
many spherical configurations are feasible for constructing the quadrature rule (1.4)
and the weights Wj(\bfitx ), such as randomly distributed points [23], equal area points
[31], minimal energy points [37], maximal determinant points (Fekete points) [37], and
more. Even for a set of scattered points without any special structure or properties,
we can extract their geometrical information, such as the mesh norm, to satisfy the
MZ property for polynomials of certain degrees (see, for example, [20, 27]). Therefore,
the family of spherical configurations for the approximation form (1.2) in solving the
integral equation (1.1) can be significantly enriched.

In section 2, we propose our scheme and justify the underlying assumptions.
Section 3 establishes the convergence theory. Section 4 discusses three specific singular
kernels and addresses techniques for computing with them. Numerical experiments
are presented in section 5. Finally, section 6 provides concluding discussions.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

07
/1

8/
26

 to
 1

44
.2

14
.9

.1
91

 . 
R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



150 CONGPEI AN AND HAO-NING WU

2. Proposed scheme. We denote by \{ Y\ell ,k : k= 1, . . . ,2\ell +1, \ell = 0,1,2, . . .\} the
L2-orthogonal system of real spherical harmonics of degree \ell and order k [29] and let
\BbbP n be the polynomial space of degree n that is spanned by spherical harmonics of
degree at most n. Let Lp(\BbbS 2) be the usual Lp space on \BbbS 2 with 1 \leq p \leq \infty , and let
C(\BbbS 2) be the space of continuous functions on \BbbS 2 equipped with the uniform norm
\| g\| L\infty :=max\bfitx \in \BbbS 2 | g(\bfitx )| .

2.1. Hyperinterpolation. For a continuous function g \in C(\BbbS 2), its hyperinter-
polation of degree n is defined as

\scrL ng :=

n\sum 
\ell =0

2\ell +1\sum 
k=1

\langle g,Y\ell ,k\rangle m Y\ell ,k,(2.1)

where the coefficient

\langle g,Y\ell ,k\rangle m :=

m\sum 
j=1

wjg(\bfitx j)Y\ell ,k(\bfitx j)

is numerically evaluated by the quadrature rule (1.4) with quadrature points \scrX m and
positive quadrature weights wj > 0, j = 1, . . . ,m. The approximation scheme is due to
Sloan [34], in which the quadrature rule (1.4) is assumed to be exact for polynomials
(spherical harmonics) of degree at most 2n, that is,

m\sum 
j=1

wj\chi (\bfitx j) =

\int 
\BbbS 2
\chi (\bfitx )d\omega (\bfitx ) \forall \chi \in \BbbP 2n.(2.2)

Due to the highly restrictive nature of quadrature exactness, obtaining data that
ensure the corresponding quadrature meets the desired exactness is often impractical
or impossible. In a series of recent works [3, 4, 5] by the authors, it was shown that this
exactness assumption can be relaxed to an assumption inspired by the Marcinkiewicz--
Zygmund inequality [16, 20, 23, 25, 26, 27, 28]. Let \delta \scrX m

be the mesh norm of \scrX m \subset \BbbS 2
defined as

\delta \scrX m
:=max

\bfitx \in \BbbS 2
min

\bfitx j\in \scrX m

arccos(\bfitx \cdot \bfitx j),

which can be regarded as the geodesic radius of the largest hole in the mesh \scrX m. It
was investigated in [20, 27] that for every \eta \in (0,1) and every polynomial \chi \in \BbbP n, the
Marcinkiewicz--Zygmund inequality

(1 - \eta )

\int 
\BbbS 2
\chi 2d\omega \leq 

m\sum 
j=1

wj\chi (\bfitx j)
2 \leq (1 + \eta )

\int 
\BbbS 2
\chi 2d\omega \forall \chi \in \BbbP n(2.3)

holds if

n\lesssim \eta /\delta \scrX m
.(2.4)

The mesh norm represents the covering radius, defined as the smallest radius for m
identical spherical caps centered at points \bfitx j that fully cover the sphere. Then, the
whole area of all the caps must be at least that of the sphere, leading to

m2\pi (1 - cos(\delta \scrX m
)) =m4\pi sin2(\delta \scrX m

/2)\geq 4\pi .
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QUADRATURE METHODS FOR INTEGRAL EQUATIONS 151

Using the inequality sinx \leq x for x \in [0, \pi ], we have a lower bound \delta \scrX m
\geq 2m - 1/2

on the mesh norm; see, e.g., [2]. The condition (2.4) ensuring the Marcinkiewicz--
Zygmund inequality (2.3) thus implies the bound

m\gtrsim (n/\eta )
2
.(2.5)

Moreover, this inequality (2.3) even holds when \scrX m consists of random points. When
the quadrature rule (1.4) is equal-weight, it was shown in [23] that if an independent
random sample of m points drawn from the measure d\omega , then there exists a constant
\=c := \=c(\gamma ) such that for every \eta \in (0,1), the MZ inequality (2.3) holds with probability
exceeding 1 - \=cn - \gamma on the condition of

m\geq \=cn2 logn/\eta 2.(2.6)

These results imply that for any n \in \BbbN and any \eta (even when \eta depends on n), the
Marcinkiewicz--Zygmund inequality (2.3) holds provided the number m of quadra-
ture points is sufficiently large, as specified by (2.5) or (2.6). This fact is a crucial
component of the assumptions for our numerical scheme (1.2); see section 2.3.3.

In our previous work [4] on hyperinterpolation, if the m-point positive-weight
quadrature rule (1.4) satisfies the Marcinkiewicz--Zygmund inequality (2.3) of degree
n with \eta \in [0,1), then

\| \scrL ng\| L2 \leq 
\sqrt{} 

1 + \eta 

\left(  m\sum 
j=1

wj

\right)  1/2

\| g\| L\infty (2.7)

and

\| \scrL ng - g\| L2 \leq 

\left(   \sqrt{} 1 + \eta 

\left(  m\sum 
j=1

wj

\right)  1/2

+ | \BbbS 2| 1/2

\right)   En(g) +
\sqrt{} 
\eta 2 + 4\eta \| \chi \ast \| L2 ,(2.8)

where En(g) := inf\chi \in \BbbP n(\BbbS 2) \| g  - \chi \| L\infty denotes the best uniform error of g by a poly-
nomial in \BbbP n(\BbbS 2), and \chi \ast \in \BbbP n(\BbbS 2) denotes the best approximation polynomial of
g in \BbbP n(\BbbS 2) in the sense of \| g  - \chi \ast \| L\infty = En(g). Hence, the construction of hy-
perinterpolation is feasible with many more quadrature rules outside the traditional
candidates.

2.2. Numerical scheme. For the integral equation (1.1), we propose to replace
the term K(\bfitx ,\bfity )\varphi (\bfity ), as a function of y \in \BbbS 2 with its hyperinterpolation of degree n.
Therefore, for the integral operator in (1.1), we have its approximation\int 

\BbbS 2
h(| \bfitx  - \bfity | )\scrL n (K(\bfitx , \cdot )\varphi ) (\bfity )d\omega (\bfity )

=

\int 
\BbbS 2
h(| \bfitx  - \bfity | )

\Biggl( 
n\sum 

\ell =0

2\ell +1\sum 
k=1

\langle K(\bfitx , \cdot )\varphi ,Y\ell ,k\rangle m Y\ell ,k(\bfity )

\Biggr) 
d\omega (\bfity )

=

n\sum 
\ell =0

2\ell +1\sum 
k=1

\biggl( \int 
\BbbS 2
h(| \bfitx  - \bfity | )Y\ell ,k(\bfity )d\omega (\bfity )

\biggr) 
\langle K(\bfitx , \cdot )\varphi ,Y\ell ,k\rangle m

=

m\sum 
j=1

wj

\Biggl( 
n\sum 

\ell =0

2\ell +1\sum 
k=1

\biggl( \int 
\BbbS 2
h(| \bfitx  - \bfity | )Y\ell ,k(\bfity )d\omega (\bfity )

\biggr) 
Y\ell ,k(\bfitx j)

\Biggr) 
K(\bfitx ,\bfitx j)\varphi (\bfitx j)

=:

m\sum 
j=1

Wj(\bfitx )K(\bfitx ,\bfitx j)\varphi (\bfitx j),

(2.9)
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152 CONGPEI AN AND HAO-NING WU

where

Wj(\bfitx ) :=wj

\Biggl( 
n\sum 

\ell =0

2\ell +1\sum 
k=1

\biggl( \int 
\BbbS 2
h(| \bfitx  - \bfity | )Y\ell ,k(\bfity )d\omega (\bfity )

\biggr) 
Y\ell ,k(\bfitx j)

\Biggr) 
.(2.10)

One of the key theoretical contributions of this paper establishes the existence of
the numerical solution \varphi n, obtained via the Nystr\"om scheme (1.2) with weights (2.10)
under specific conditions. In particular, we require that the quadrature rule (1.4), used
to construct \varphi n, has a mesh norm \delta m satisfying condition (2.4), thereby ensuring the
Marcinkiewicz--Zygmund property (2.3) of degree n. Here, the constant \eta occurred
in the property (2.3) depends on n. Another key contribution is the derivation of
an error bound for the numerical scheme (1.2), valid under the assumption that the
numerical solution exists. For a complete discussion, we refer to Theorem 3.1.

Numerically, the solution \varphi n(\bfitx ) at an arbitrary point \bfitx \in \BbbS 2 can be evaluated in
two stages. First, one numerically solves the system of linear equations

\varphi 
(n)
i  - 

m\sum 
j=1

Wj(\bfitx i)K(\bfitx i,\bfitx j)\varphi 
(n)
j = f(\bfitx i), i= 1, . . . ,m(2.11)

for the quantities \varphi 
(n)
j , j = 1, . . . ,m. Second, the value of \varphi n(\bfitx ) at any \bfitx \in \BbbS 2 can be

evaluated by the direct usage of (1.2),

\varphi n(\bfitx ) = f(\bfitx ) +

m\sum 
j=1

Wj(\bfitx )K(\bfitx ,\bfitx j)\varphi 
(n)
j , \bfitx \in \BbbS 2.(2.12)

The solvability of the two-stage scheme (2.11) and (2.12) is characterized as fol-
lows.

Theorem 2.1 (Solvability of the two-stage scheme). The following two state-
ments hold:

\bullet Let \varphi n be the numerical solution computed by the Nystr\"om scheme (1.2) with
weights (2.10). Then, the system (2.11) of linear equations is solvable with

solutions \varphi 
(n)
j =\varphi n(\bfitx j), j = 1, . . . ,m.

\bullet Let \varphi 
(n)
j , j = 1, . . . ,m, be a solution of the system (2.11). Then, the function

defined by (2.12) is a solution of the Nystr\"om scheme (1.2).

Proof. The first statement is trivial; we let \bfitx = \bfitx j , j = 1, . . . ,m, in the Nystr\"om

scheme (1.2). For a solution \varphi 
(n)
j , j = 1, . . . ,m, of the system (2.11), the function \varphi n

defined by (2.12) takes values

\varphi n(\bfitx i) = f(\bfitx i) +

m\sum 
j=1

Wj(\bfitx i)K(\bfitx i,\bfitx j)\varphi 
(n)
j =\varphi 

(n)
i , i= 1, . . . ,m,

where the second equality is due to (2.11). Inserting \varphi 
(n)
j = \varphi n(\bfitx j), j = 1, . . . ,m,

into the function \varphi n defined by (2.12), we show that it solves the Nystr\"om
scheme (1.2).

2.3. Assumptions and their justification. Let the integral operator in (1.1)
be denoted by

(A\varphi )(\bfitx ) :=

\int 
\BbbS 2
h(| \bfitx  - \bfity | )K(\bfitx ,\bfity )\varphi (\bfity )d\omega (\bfity ), \varphi \in C(\BbbS 2), \bfitx \in \BbbS 2.
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QUADRATURE METHODS FOR INTEGRAL EQUATIONS 153

We also denote by

(An\varphi )(\bfitx ) :=

m\sum 
j=1

Wj(\bfitx )K(\bfitx ,\bfitx j)\varphi (\bfitx j), \varphi \in C(\BbbS 2), \bfitx \in \BbbS 2.

2.3.1. Assumptions on the integral equation. Throughout this paper, it
is assumed that the homogeneous equation corresponding to (1.1) has no nontrivial
solution. Then, the Riesz theory confirms that the inhomogeneous equation (1.1) has
a unique solution continuously depending on f .

The common theoretical setting for the convergence study is the Banach space
C(\BbbS 2). The kernel h is assumed to be weakly singular; i.e., h is continuous for all
\bfitx ,\bfity \in \BbbS 2 with \bfitx \not = \bfity , and there exist positive constants M and \alpha \in (0,2] such that
| h(| \bfitx  - \bfity | )| \leq M | \bfitx  - \bfity | \alpha  - 2. These conditions ensure that the integral operator A is
a compact integral operator on C(\BbbS 2); see proofs in [22, section 2.4]. The detailed
introduction on the analysis in this common setting can be found in, e.g., [22, Chapters
2 and 3].

However, in this paper, we need the following stronger assumptions on h for our
theoretical analysis:

\bullet regarded as a function of \bfity \in \BbbS 2 for all \bfitx \in \BbbS 2, h(| \bfitx  - \bfity | ) is assumed to satisfy

| h(| \bfitx  - \cdot | )| \in L1(\BbbS 2)\cap L2(\BbbS 2); and(2.13)

\bullet regarded as a univariate function of t \in ( - 1,1), h(21/2(1 - t)1/2) is assumed
to satisfy

h(21/2(1 - t)1/2)\in L1( - 1,1)\cap L2( - 1,1).(2.14)

As we will see in the subsequent section, the L2 assumption enables us to apply the
L2 theory of hyperinterpolation [3, 4, 5, 34].

2.3.2. Assumptions on hyperinterpolation. In the implementation of hy-
perinterpolation, we assume all quadrature weights to be positive, i.e., wj > 0 for all
j = 1,2, . . . ,m, and they satisfy

\sum m
j=1wj <Cw for some constant Cw > 0. Specifically,

if the quadrature exactness is of degree at least 1, then Cw = | \BbbS 2| .
Additionally, we assume that the quadrature rule (1.4) used in the implementa-

tion of the numerical schemes (2.11) and (2.12) satisfies the Marcinkiewicz--Zygmund
property (2.3).

2.3.3. Assumptions on the numerical scheme (1.2). For our analysis of
the Nystr\"om scheme (1.2), we strengthen the above assumption as follows. Given a
sequence \{ In\} n\in \BbbN 0

of quadrature rules (1.4), we assume either of the following holds:
\bullet each In satisfies the Marcinkiewicz--Zygmund property (2.3) of degree n with

an associated constant \eta (n)\in (0,1), where \eta (n)\rightarrow 0 as n\rightarrow \infty ;
\bullet each In fulfills the quadrature exactness (2.2) of degree 2n.

In the first case of our assumption, for scattered quadrature points, condition (2.5)
ensures that the Marcinkiewicz--Zygmund property (2.3) holds by requiring the num-
ber of points m to satisfy the asymptotic relation m \gtrsim (n/\eta (n))2. If the points are
instead i.i.d. drawn from the measure d\omega , condition (2.6) ensures (2.3) by requiring
m\geq \=cn2 log(n)/\eta (n)2.

2.4. Evaluation of modified moments using the Funk--Hecke formula.
Efficient methods for evaluating the weights (2.10) are crucial for implementing the
proposed numerical scheme. This in turn requires an effective approach to evaluate the
modified moments

\int 
\BbbS 2 h(| \bfitx  - \bfity | )Y\ell ,k(\bfity )d\omega (\bfity ). To this end, we apply the Funk--Hecke

formula (see, e.g., [9, Theorem 2.22]).
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154 CONGPEI AN AND HAO-NING WU

Lemma 2.2 (Funk--Hecke formula). Let g \in L1( - 1,1) and \bfitx \in \BbbS 2. Then,\int 
\BbbS 2
g(\bfitx \cdot \bfity )Y\ell ,k(\bfity )d\omega (\bfity ) =

\biggl( 
2\pi 

\int 1

 - 1

g(t)P\ell (t)dt

\biggr) 
Y\ell ,k(\bfitx ),

where P\ell (t) is the standard Legendre polynomial of degree \ell .

Recall the definition of the geodesic distance | \bfitx  - \bfity | = [2(1 - \bfitx \cdot \bfity )]1/2. We can
write h(| \bfitx  - \bfity | ) as h(21/2(1 - \bfitx \cdot \bfity )1/2). Since we have assumed that h(21/2(1 - t)1/2)\in 
L1( - 1,1), by the Funk--Hecke formula, we have\int 

\BbbS 2
h(| \bfitx  - \bfity | )Y\ell ,k(\bfity )d\omega (\bfity ) = \mu \ell Y\ell ,k(\bfitx ),(2.15)

where \mu \ell := 2\pi 
\int 1

 - 1
h(21/2(1 - t)1/2)P\ell (t)dt.

Proposition 2.3 (Computational complexity). We count floating-point opera-
tions (flops) required for implementing the two-stage scheme (2.11) and (2.12). We
assume that moments \mu \ell and weights \omega j are available, and the evaluation of f , K,
and Y\ell ,k for each input costs one flop. Then,

\bullet computing the weight (2.10) for each \bfitx \in \BbbS 2 using the Funk--Hecke formula
requires approximately 3(n+1)2+1 flops in arithmetic operations and 2(n+1)2

in function evaluations;
\bullet solving the linear system (2.8) requires approximately 2

3m
3 +2m2 flops using

Gaussian elimination or LU decomposition and m2(5(n+1)2+1)+2m2+m
flops in function evaluations and additional arithmetic operations;

\bullet evaluating the numerical solution (2.12) for each \bfitx \in \BbbS 2 requires approxi-
mately 3m+1 flops in arithmetic operations and m(5(n+1)2+1)+m+1 in
function evaluations.

Thus, the evaluation of \varphi n(\bfitx ) for an arbitrary \bfitx \in \BbbS 2 requires \scrO (m3 +m2n2) flops.

3. Error analysis. Now, we present the error analysis for our Nystr\"om scheme
(1.2) with weights (2.10) in solving the integral equation (1.1). Recall our assumptions
in section 2.3.3.

Theorem 3.1 (Main theorem). Consider a sequence \{ In\} n\in \BbbN 0 of quadrature rules
(1.4) where each In satisfies the Marcinkiewicz--Zygmund property (2.3) of degree n
with an associated constant \eta (n)\in (0,1). Assume that \eta (n)\rightarrow 0 as n\rightarrow \infty . Given the
assumptions of section 2.3.1, there exists N \in \BbbN 0 such that for all n\geq N , the Nystr\"om
scheme (1.2), with weights (2.10) computed using the quadrature rule In, produces an
approximate solution \varphi n satisfying

\| \varphi n\| L\infty \leq C1(n,h)\| f\| L\infty ,(3.1)

where C1(n,h)> 0 is a constant that decreases as n grows. Moreover, let \bfitx 0 \in \BbbS 2 be
the point where | (An\varphi )(x) - (A\varphi )(x)| attains its maximum. Then, we have

\| \varphi n  - \varphi \| L\infty \leq C2(n,h)
\Bigl( 
En(K(\bfitx 0, \cdot )\varphi ) +

\sqrt{} 
\eta (n)2 + 4\eta (n)\| \chi \ast 

\bfitx 0
\| L2

\Bigr) 
,(3.2)

where C2(n,h)> 0 is another constant that decreases as n grows, the best approxima-
tion is given by

En(K(\bfitx 0, \cdot )\varphi ) := inf
\chi \in \BbbP n(\BbbS 2)

\| K(\bfitx 0, \cdot )\varphi  - \chi \| L\infty ,

and \chi \ast 
\bfitx 0

\in \BbbP n(\BbbS 2) denotes the best approximation polynomial of K(\bfitx 0, \cdot )\varphi in \BbbP n(\BbbS 2).
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QUADRATURE METHODS FOR INTEGRAL EQUATIONS 155

Remark 3.2. The term \| \chi \ast 
\bfitx 0
\| L2 , though it may vary with n, is uniform bounded

in the sense that

\| \chi \ast 
\bfitx 0
\| L2 \leq 2

\surd 
4\pi sup

(\bfitx ,\bfity )\in \BbbS 2\times \BbbS 2
| K(\bfitx ,\bfity )| \| \varphi \| L\infty <\infty (3.3)

for all n\in \BbbN 0. To see this, we note that

\| \chi \ast 
\bfitx 0
\| L2 \leq 

\surd 
4\pi \| \chi \ast 

\bfitx 0
\| L\infty \leq 

\surd 
4\pi (En(K(\bfitx 0, \cdot )\varphi ) + \| K(\bfitx 0, \cdot )\varphi \| L\infty ) .

Since 0\in \BbbP n and the best approximation error is the infimum over all \chi \in \BbbP n, we have

En(K(x0, \cdot )\varphi ) = inf
\chi \in \BbbP n

\| K(x0, \cdot )\varphi  - \chi \| L\infty \leq \| K(x0, \cdot )\varphi \| \infty .

Together with \| K(x0, \cdot )\varphi \| \infty \leq sup(\bfitx ,\bfity )\in \BbbS 2\times \BbbS 2 | K(\bfitx ,\bfity )| \| \varphi \| L\infty , we have the desired

finite result. Therefore,
\sqrt{} 
\eta (n)2 + 4\eta (n)\| \chi \ast 

\bfitx 0
\| L2 \rightarrow 0 as n\rightarrow \infty .

The proof of Theorem 3.1 naturally extends to quadrature rules In that are exact
for polynomials of degree up to 2n. Indeed, the condition \eta (n)\rightarrow 0 as n\rightarrow \infty in the
general case reduces to \eta (n) = 0 for all n in this exact quadrature setting.

Corollary 3.3. Let \{ In\} n\in \BbbN 0
be a sequence of quadrature rules (1.4) with each

In satisfying the exactness condition (2.2) for polynomials of degree up to 2n. Then,
the Nystr\"om scheme (1.2) with weights (2.10) computed via In satisfies all results of
Theorem 3.1, where we take \eta (n) = 0 for all n.

3.1. Proof of the main theorem. The integral equation (1.1) can be written
as an operator equation

\varphi  - A\varphi = f,(3.4)

and its solution is approximated using our Nystr\"om scheme (1.2) with weights (2.10)
by the solution of

\varphi n  - An\varphi n = f.(3.5)

Subtracting (3.4) from (3.5) gives

(I  - An)(\varphi n  - \varphi ) = (An  - A)\varphi .(3.6)

The existence of \varphi n and the error bound of \| \varphi n - \varphi \| L\infty depend on the existence and
boundedness of (I - An)

 - 1. This fact can be confirmed by the following lemma. Note
that \| A\| denotes the L\infty operator norm for an operator A :C(\BbbS 2)\rightarrow C(\BbbS 2).

Lemma 3.4. If the operator An satisfies

\| (I  - A) - 1(An  - A)An\| < 1,(3.7)

then the inverse operators (I  - An)
 - 1 :C(\BbbS 2)\rightarrow C(\BbbS 2) exist and are bounded by

\| (I  - An)
 - 1\| \leq 1 + \| (I  - A) - 1An\| 

1 - \| (I  - A) - 1(An  - A)An\| 
.(3.8)

Moreover, for solutions of (3.4) and (3.5), we have the error estimate

\| \varphi n  - \varphi \| L\infty \leq 1 + \| (I  - A) - 1An\| 
1 - \| (I  - A) - 1(An  - A)An\| 

\| (An  - A)\varphi \| L\infty .(3.9)
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156 CONGPEI AN AND HAO-NING WU

Proof. By Riesz's theorem (cf. [22, Theorem 3.4]), (3.4) has a unique solution \varphi 
continuously depending on f . That is, the inverse operator (I - A) - 1 :C(\BbbS 2)\rightarrow C(\BbbS 2)
exists and is bounded. Then, the identity

(I  - A) - 1 = I + (I  - A) - 1A

suggests that Bn := I +(I  - A) - 1An is an approximate inverse for I  - An. Note that

(I  - A)Bn(I  - An) = (I  - A)(I + (I  - A) - 1An  - An  - (I  - A) - 1AnAn)

= (I  - A) +An  - (I  - A)An  - AnAn

= (I  - A) - (An  - A)An,

which is equivalent to

Bn(I  - An) = I  - Sn,(3.10)

where Sn := (I  - A) - 1(An  - A)An. From assumption (3.7) that \| Sn\| < 1, the
Neumann series implies that (I  - Sn)

 - 1 exists and is bounded by

\| (I  - Sn)
 - 1\| \leq 1

1 - \| Sn\| 
.

Therefore, (3.10) suggests that I  - An is an injection and then, since An is assumed
to be compact, (I  - An)

 - 1 exists. Equation (3.10) also yields

(I  - An)
 - 1 = (I  - Sn)

 - 1Bn,

leading to the estimate (3.8). The error estimate (3.9) then follows from (3.6).

Remark 3.5. This lemma is motivated by the works of Brakhage [11] and Anselone
and Moore [7]. In their works, (3.7) is ensured by assuming the sequence \{ An\} to
be collectively compact and pointwise convergent, essentially relying on a convergent
quadrature rule (1.4). The whole procedure can be also found in Kress's monograph
[22] on integral equations. In our work, instead of working with a convergent quadra-
ture rule, we try to ensure (3.7) by controlling the geometry of \scrX m and choosing an
appropriate degree n of hyperinterpolation. The assumption (3.7) is not ensured by
the convergence of quadrature rules but the convergence of hyperinterpolation. The
details are provided below.

The assumption (3.7) is ensured if we can determine N \in \BbbN 0 such that for all
n\geq N ,

c\| (An  - A)An\| < 1,(3.11)

where c is the upper bound of \| (I  - A) - 1\| . For this goal, we first investigate some
properties of \{ An\} n\in \BbbN 0 .

Lemma 3.6. The sequence \{ An\} n\in \BbbN 0
is collectively compact, i.e., for each bounded

U \subset C(\BbbS 2), the image set \{ An\varphi :\varphi \in U,n\in \BbbN 0\} is relatively compact.

Proof. Recall the derivation process (2.9) ofWj(\bfitx ). We replace K(\bfitx ,\bfity )\varphi (\bfity ) with
a continuous function g(\bfity ) with \| g\| L\infty = 1 that satisfies, for j = 1,2, . . . ,m(n),

g(\bfitx j) =

\Biggl\{ 
1 if Wj(\bfitx )\geq 0,

 - 1 if Wj(\bfitx )< 0.
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QUADRATURE METHODS FOR INTEGRAL EQUATIONS 157

Then, for all \bfitx \in \BbbS 2 and all n\in \BbbN 0,

m(n)\sum 
j=1

| Wj(\bfitx )| =
m(n)\sum 
j=1

Wj(\bfitx )g(\bfitx j) =

\int 
\BbbS 2
h(| \bfitx  - \bfity | )\scrL ng(\bfity )d\omega (\bfity )

\leq 
\biggl( \int 

\BbbS 2
| h(| \bfitx  - \bfity | )| 2d\omega (\bfity )

\biggr) 1/2

\| \scrL ng\| L2

\leq 
\biggl( 
2\pi 

\int 1

 - 1

| h(21/2(1 - t)1/2)| 2dt
\biggr) 1/2\sqrt{} 

1 + \eta (n)

\left(  m(n)\sum 
j=1

wj

\right)  1/2

\leq C

for some constant C > 0, where we apply the Cauchy--Schwarz inequality, the Funk--
Hecke formula, and the stability result (2.7) of hyperinterpolation. Thus, we can
estimate

\| An\varphi \| L\infty \leq C max
\bfitx ,\bfity \in \BbbS 2

| K(\bfitx ,\bfity )| \| \varphi \| L\infty .(3.12)

Similarly, defining another g for Wj(\~\bfitx ) - Wj(\bfitx ), we have, for all \~\bfitx ,\bfitx \in \BbbS 2 and all
\gamma \in \Gamma ,

m(n)\sum 
j=1

| Wj(\~\bfitx ) - Wj(\bfitx )| =
m(n)\sum 
j=1

(Wj(\~\bfitx ) - Wj(\bfitx ))g(\bfitx j)

=

n\sum 
\ell =0

2\ell +1\sum 
k=1

\biggl( \int 
\BbbS 2
(h(| \~\bfitx  - \bfity | ) - h(| \bfitx  - \bfity | ))Y\ell ,k(\bfity )d\omega (\bfity )

\biggr) 
\langle g,Y\ell ,k\rangle m(n)

=

n\sum 
\ell =0

2\ell +1\sum 
k=1

\mu \ell (Y\ell ,k(\~\bfitx ) - Y\ell ,k(\bfitx )) \langle g,Y\ell ,k\rangle m(n)

\leq 

\Biggl( 
n\sum 

\ell =0

2\ell +1\sum 
k=1

\mu 2
\ell (Y\ell ,k(\~\bfitx ) - Y\ell ,k(\bfitx ))

2

\Biggr) 1/2

\| \scrL ng\| L2 ,

(3.13)

where \mu \ell = 2\pi 
\int 1

 - 1
h(21/2(1 - t)1/2)P\ell (t)dt.

For this upper bound, note that the latter factor \| \scrL ng\| L2 <\infty , regardless of the
values of n, \eta (n), andm(n), as shown in the stability result (2.7) of hyperinterpolation.
Then,

sup
n\in \BbbN 0

\| \scrL ng\| L2 <\infty .(3.14)

As for the former factor, we are interested in the limit of the series as \~\bfitx \rightarrow \bfitx . Since
the spherical harmonics Y\ell ,k are continuous functions on the sphere, it follows that
for each fixed \ell \geq 0 and 1\leq k\leq 2\ell + 1, we have the pointwise convergence

\mu 2
\ell (Y\ell ,k(\~\bfitx ) - Y\ell ,k(\bfitx ))

2 \rightarrow 0 as \~\bfitx \rightarrow \bfitx .

To control the infinite sum, we first apply the addition theorem of spherical harmonics
(see, e.g., [9]) that for each \ell \in \BbbN 0,

2\ell +1\sum 
k=1

| Y\ell ,k(\bfitx )| 2 =
2\ell + 1

4\pi 
,
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158 CONGPEI AN AND HAO-NING WU

and we obtain

2\ell +1\sum 
k=1

| Y\ell ,k(\~\bfitx ) - Y\ell ,k(\bfitx )| 2 \leq 2

2\ell +1\sum 
k=1

\Bigl( 
| Y\ell ,k(\~\bfitx )| 2 + | Y\ell ,k(\bfitx )| 2

\Bigr) 
\leq 4(2\ell + 1)

4\pi 
.

We then examine the coefficients \mu \ell = 2\pi \langle h(
\sqrt{} 
2(1 - \cdot )), P\ell \rangle . Using properties of Le-

gendre polynomials, namely, \| P\ell \| L\infty \leq 1 and \langle P\ell , P\ell \prime \rangle = 2/(2\ell +1)\delta \ell \ell \prime for any \ell , \ell 
\prime \geq 0,

Parseval's identity yields the exact L2 estimate

\infty \sum 
\ell =0

(2\ell + 1)\mu 2
\ell = 8\pi 2\| h\| 2L2 <\infty .

Thus, there exists a summable double sequence \{ b\ell ,k\} such that

\mu 2
\ell (Y\ell ,k(\~\bfitx ) - Y\ell ,k(\bfitx ))

2 \leq b\ell ,k

and

\infty \sum 
\ell =1

2\ell +1\sum 
k=1

b\ell ,k \leq 
1

\pi 

\infty \sum 
\ell =1

(2\ell + 1)\mu 2
\ell <\infty .

Then, by the counting measure version of the Dominated Convergence Theorem, we
have

lim
\~\bfitx \rightarrow \bfitx 

\infty \sum 
\ell =0

2\ell +1\sum 
k=1

\mu 2
\ell (Y\ell ,k(\~\bfitx ) - Y\ell ,k(\bfitx ))

2
= 0.(3.15)

Since terms are all nonnegative, we have

sup
n\in \BbbN 0

n\sum 
\ell =0

2\ell +1\sum 
k=1

\mu 2
\ell (Y\ell ,k(\~\bfitx ) - Y\ell ,k(\bfitx ))

2
=

\infty \sum 
\ell =0

2\ell +1\sum 
k=1

\mu 2
\ell (Y\ell ,k(\~\bfitx ) - Y\ell ,k(\bfitx ))

2
.(3.16)

Together with (3.13), (3.14), and (3.16), we have

0\leq sup
n\in \BbbN 0

m(n)\sum 
j=1

| Wj(\~\bfitx ) - Wj(\bfitx )| \lesssim 

\Biggl( \infty \sum 
\ell =0

2\ell +1\sum 
k=1

\mu 2
\ell (Y\ell ,k(\~\bfitx ) - Y\ell ,k(\bfitx ))

2

\Biggr) 1/2

,

where the last estimate is due to (3.14). By (3.15), the squeeze theorem implies

lim
\~\bfitx \rightarrow \bfitx 

sup
n\in \BbbN 0

m(n)\sum 
j=1

| Wj(\~\bfitx ) - Wj(\bfitx )| = 0(3.17)

for all \bfitx \in \BbbS 2. Then, from

(An\varphi )(\~\bfitx ) - (An\varphi )(\bfitx ) =

m(n)\sum 
j=1

Wj(\~\bfitx )(K(\~\bfitx ,\bfitx j) - K(\bfitx ,\bfitx j))\varphi (\bfitx j)

+

m(n)\sum 
j=1

(Wj(\~\bfitx ) - Wj(\bfitx ))K(\bfitx ,\bfitx j)\varphi (\bfitx j),
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QUADRATURE METHODS FOR INTEGRAL EQUATIONS 159

we can estimate

| (An\varphi )(\~\bfitx ) - (An\varphi )(\bfitx )| \leq Cmax
\bfity \in \BbbS 2

| K(\~\bfitx ,\bfity ) - K(\bfitx ,\bfity )| \| \varphi \| L\infty 

+ max
\bfitx ,\bfity \in \BbbS 2

| K(\bfitx ,\bfity )| sup
n\in \BbbN 0

m(n)\sum 
j=1

| Wj(\~\bfitx ) - Wj(\bfitx )| \| \varphi \| L\infty 

(3.18)

for all \~\bfitx ,\bfitx \in \BbbS 2. Now, let U \subset C(\BbbS 2) be bounded. Then, from (3.12), we see that
\{ An\varphi : \varphi \in U,n \in \BbbN 0\} is bounded. Let \bfitx \in \BbbS 2 be an arbitrary point on \BbbS 2. For
any \varepsilon > 0, it follows from (3.17) that there exists \delta 1 > 0 such that for all \~x in the
\delta 1 - neighborhood of x,

sup
n\in \BbbN 0

m(n)\sum 
j=1

| Wj(\~\bfitx ) - Wj(\bfitx )| <
\varepsilon 

2max\bfitx ,\bfity \in \BbbS 2 | K(\bfitx ,\bfity )| \| \varphi \| L\infty 
.

Since K is continuous on the compact set \BbbS 2 \times \BbbS 2, it is uniformly continuous by
the Heine--Cantor theorem. Then, there exists \delta 2 > 0 such that for all \~x in the
\delta 2 - neighborhood of x,

max
\bfity \in \BbbS 2

| K(\~\bfitx ,\bfity ) - K(\bfitx ,\bfity )| < \varepsilon 

2C\| \varphi \| L\infty 
.

Now, from estimate (3.18), for any \varepsilon > 0, taking \delta =min(\delta 1, \delta 2), we conclude that for
all \~x in the \delta  - neighborhood of x,

| (An\varphi )(\~\bfitx ) - (An\varphi )(\bfitx )| < \varepsilon .

This holds uniformly in n\in \BbbN 0 and for all \varphi \in U , which implies that \{ An\varphi :\varphi \in U,n\in 
\BbbN 0\} is pointwise equicontinuous at \bfitx . Since \BbbS 2 is compact, pointwise equicontinuity
can be upgraded to uniform equicontinuity on \BbbS 2. Then, by the Arzel\`a--Ascoli theorem
(see, e.g., [22, Theorem 1.18]), \{ An\varphi :\varphi \in U,n\in \BbbN 0\} is relatively compact, and hence
the sequence \{ An\} n\in \BbbN 0 is collectively compact.

In the following lemma, we investigate the limiting case where n\rightarrow \infty .

Lemma 3.7. The sequence \{ An\} n\in \BbbN 0
is pointwise convergent as n \rightarrow \infty , i.e.,

An\varphi \rightarrow A\varphi for all \varphi \in C(\BbbS 2) as n\rightarrow \infty .

Proof. For fixed \varphi \in C(\BbbS 2), we show that the sequence \{ An\varphi \} n\in \BbbN 0
is pointwise

convergent as n\rightarrow \infty , i.e., (An\varphi )(\bfitx ) \rightarrow (A\varphi )(\bfitx ) in the limiting case, for all \bfitx \in \BbbS 2.
Indeed, for each \bfitx \in \BbbS 2, the L2 error analysis of hyperinterpolation indicates that

| (An\varphi )(\bfitx ) - (A\varphi )(\bfitx )| 

=

\bigm| \bigm| \bigm| \bigm| \int 
\BbbS 2
h(| \bfitx  - \bfity | )\scrL n (K(\bfitx , \cdot )\varphi ) (\bfity )d\omega (\bfity ) - 

\int 
\BbbS 2
h(| \bfitx  - \bfity | )K(\bfitx ,\bfity )\varphi (\bfity )d\omega (\bfity )

\bigm| \bigm| \bigm| \bigm| 
\leq \| h(\bfitx , \cdot )\| L2\| \scrL n (K(\bfitx , \cdot )\varphi ) - K(\bfitx , \cdot )\varphi \| L2

\leq C(n,h)
\Bigl( 
En(K(\bfitx , \cdot )\varphi ) +

\sqrt{} 
\eta (n)2 + 4\eta (n)\| \chi \ast 

\bfitx \| L2

\Bigr) (3.19)

for some bounded constant C(n,h)> 0, where

En(K(\bfitx , \cdot )\varphi ) := inf
\chi \in \BbbP n(\BbbS 2)

\| K(\bfitx , \cdot )\varphi  - \chi \| L\infty ,
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160 CONGPEI AN AND HAO-NING WU

and \chi \ast 
\bfitx \in \BbbP n(\BbbS 2) denotes the best approximation polynomial of K(\bfitx , \cdot )\varphi in \BbbP n(\BbbS 2) in

the sense of \| K(\bfitx , \cdot )\varphi  - \chi \ast 
\bfitx \| L\infty =En(K(\bfitx , \cdot )\varphi ).

To claim the pointwise convergence of the sequence \{ An\varphi \} n\in \BbbN 0 as n\rightarrow \infty , we note
that due to the uniform continuity of K(x, y) on \BbbS 2 \times \BbbS 2, the uniform boundedness
and continuity of K(\bfitx , \cdot )\varphi is not disrupted, and thus the Weierstrass Approximation
Theorem can still apply. We have En(K(\bfitx , \cdot )\varphi )\rightarrow 0 as n\rightarrow \infty for all \bfitx \in \BbbS 2. Besides,
although \chi \ast 

\bfitx depends on \bfitx , \| \chi \ast 
\bfitx \| L2 is finite for all \bfitx \in \BbbS 2 and all n\in \BbbN 0, as shown in

(3.3). Thus,
\sqrt{} 
\eta (n)2 + 4\eta (n)\| \chi \ast 

\bfitx \| L2 \rightarrow 0 as n\rightarrow \infty ; recall that \eta (n)\rightarrow 0 as n\rightarrow \infty .
As shown in the above proof of Lemma 3.6, the sequence \{ An\varphi \} n\in \BbbN 0

is equicon-
tinuous. Hence, by the compactness of \BbbS 2, the convergence of this sequence can be
upgraded to uniform convergence, i.e., for fixed \varphi \in C(\BbbS 2), \| An\varphi  - A\varphi \| L\infty \rightarrow 0 as
n\rightarrow \infty . Therefore, we have the pointwise convergence of the sequence \{ An\} n\in \BbbN 0

of
numerical integration operators, that is, An\varphi \rightarrow A\varphi for all \varphi \in C(\BbbS 2) as n\rightarrow \infty .

Restricting to a compact set U \subset C(\BbbS 2), the next lemma shows that the pointwise
convergence of \{ An\} n\in \BbbN 0

can be further upgraded to uniform convergence.

Lemma 3.8. Let U be a compact subset of C(\BbbS 2). Then, \{ An\} n\in \BbbN 0 has uniform
convergence on U to A, i.e., sup\varphi \in U \| An\varphi  - A\varphi \| L\infty \rightarrow 0 as n\rightarrow \infty .

Proof. From the bound (3.12) on each An, the uniform boundedness principle
results in a uniform bound on the operator norms of all An, i.e., there exists some
constant C > 0 such that \| An\| \leq C for all n \in \BbbN 0. For any \varepsilon > 0, consider open
balls B(\varphi , r) = \{ \psi \in C(\BbbS 2) : \| \varphi  - \psi \| L\infty < r\} with center \varphi \in C(\BbbS 2) and radius
r = \varepsilon /(3C). Due to the compactness of U , there exists a finite covering such that
U \subset 

\bigcup M
k=1B(\varphi k, r). Pointwise convergence of \{ An\} , as shown in Lemma 3.7, suggests

that there exists N(\varepsilon ) \in \BbbN 0 such that \| An\varphi k  - A\varphi k\| L\infty < \varepsilon /3 for all n \geq N(\varepsilon ) and
for all k = 1, . . . ,M . Now, let \varphi \in U be arbitrary. Then, \varphi is contained in some ball
B(\varphi k, r) with center \varphi k. Hence, for all n\geq N(\varepsilon ), we have

\| An\varphi  - A\varphi \| L\infty \leq \| An\varphi  - An\varphi k\| L\infty + \| An\varphi k  - A\varphi k\| L\infty + \| A\varphi k  - A\varphi \| L\infty 

\leq \| An\| \| \varphi  - \varphi k\| L\infty + \varepsilon /3 + \| A\| \| \varphi  - \varphi k\| L\infty 

\leq 2Cr+ \varepsilon /3 = \varepsilon .

Therefore, the convergence of \{ An\} n\in \BbbN 0
is uniform on U .

Lemma 3.9. \| (An  - A)An\| \rightarrow 0 as n\rightarrow \infty .

Proof. Consider the set U := \{ An\varphi : \| \varphi \| L\infty \leq 1, n \in \BbbN 0\} . By Lemma 3.6, the
set U is relatively compact. By Lemma 3.8, the convergence An\psi \rightarrow A\psi as n\rightarrow \infty 
is uniform for all \psi \in U . Hence, for any \varepsilon > 0, there exists N(\varepsilon ) \in \BbbN 0 such that
the sequence of functions satisfies \| (An  - A)An\varphi \| L\infty < \varepsilon for all n \geq N(\varepsilon ) and all
\varphi \in C(\BbbS 2) with \| \varphi \| L\infty \leq 1. Therefore, the operator norms satisfy \| (An  - A)An\| \leq \varepsilon 
for all n\geq N(\varepsilon ).

We are now prepared well for the proof of our main theorem.
Proof of Theorem 3.1. This theorem follows from Lemma 3.4, which guarantees

the existence and boundedness of (I  - An)
 - 1. The assumption (3.7) in Lemma 3.4

is ensured by (3.11), which is a direct consequence of Lemma 3.9. Therefore, we can
conclude that (I - An)

 - 1 exists and is bounded, which implies the bound (3.1) of \varphi n.
For the error estimate (3.2), let \bfitx 0 \in \BbbS 2 be the point where | (An\varphi )(\bfitx )  - (A\varphi )(\bfitx )| 
attains its maximum, that is, | (An\varphi )(\bfitx 0) - (A\varphi )(\bfitx 0)| = \| An\varphi  - A\varphi \| L\infty . Note that
\bfitx 0 depends on n. Then, from the estimate (3.19), we have
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QUADRATURE METHODS FOR INTEGRAL EQUATIONS 161

| (A\gamma \varphi )(\bfitx 0) - (A\varphi )(\bfitx 0)| \leq C(n,h)
\Bigl( 
En(K(\bfitx 0, \cdot )\varphi ) +

\sqrt{} 
\eta 2 + 4\eta \| \chi \ast 

\bfitx 0
\| L2

\Bigr) 
for some bounded constant C(m,n,\eta ,h)> 0. Together with (3.9), we obtain the error
estimate (3.2).

4. Implementation and examples of kernels. The explicit construction of
Wj(\bfitx ) relies on the explicit evaluation of the modified moments (2.15). These mo-
ments are explicitly available for some specific kernels. In this section, we list some
singular kernels and elaborate the evaluation of the corresponding moments.

4.1. Nonsingular case. If h\equiv 1, since

n\sum 
\ell =0

2\ell +1\sum 
k=1

\biggl( \int 
\BbbS 2
h(| \bfitx  - \bfity | )Y\ell ,k(\bfity )d\omega (\bfity )

\biggr) 
Y\ell ,k(\bfitx j) = 1,

we have

Wj(\bfitx ) =wj

\Biggl( 
n\sum 

\ell =0

2\ell +1\sum 
k=1

\biggl( \int 
\BbbS 2
h(| \bfitx  - \bfity | )Y\ell ,k(\bfity )d\omega (\bfity )

\biggr) 
Y\ell ,k(\bfitx j)

\Biggr) 
\equiv wj .

4.2. Singular cases. We explore three common singular kernels in the context
of integral equations.

Case 1: \bfith (| \bfitx  - \bfity | ) = | \bfitx  - \bfity | \bfitnu with  - 1 < \nu < 0. The assumption \nu >  - 1 is
sufficient for the L2 assumption of h. For the case of \nu \geq 0, it corresponds to a
continuous kernel. For the modified moments (2.15) with this specific kernel, we use
the Rodrigues representation formula

P\ell (t) =
( - 1)\ell 

2\ell \ell !

\biggl( 
d

dt

\biggr) \ell \bigl( 
1 - t2

\bigr) \ell 
for Legendre polynomial P\ell (t) of degree \ell . Then, we can express the constant \mu \ell in
the form of

\mu \ell = 2\pi 
( - 1)\ell 

2\ell \ell !

\int 1

 - 1

2\nu /2(1 - t)\nu /2
\biggl( 
d

dt

\biggr) \ell \bigl( 
1 - t2

\bigr) \ell 
dt,

which can be further simplified through computing the integral

I(\nu ) =

\int 1

 - 1

(1 - t)\nu /2
\biggl( 
d

dt

\biggr) \ell \bigl( 
1 - t2

\bigr) \ell 
dt.

Given the condition \nu > - 1, we can perform integration by parts repeatedly on I(\nu ),
and all terms containing (1 - t2) vanish at t=\pm 1. After integrating by parts \ell times,
we have

I(\nu ) =
\nu 

2

\Bigl( \nu 
2
 - 1
\Bigr) 
\cdot \cdot \cdot 
\Bigl( \nu 
2
 - (\ell  - 1)

\Bigr) 
J(\nu ) = ( - 1)\ell 

\Bigl( 
 - \nu 
2

\Bigr) 
\ell 
J(\nu ),

where (x)n := \Gamma (x+n)
\Gamma (x) with x> 0 stands for Pochhammer's symbol and

J(\nu ) :=

\int 1

 - 1

(1 - t)\nu /2 - \ell 
\bigl( 
1 - t2

\bigr) \ell 
dt=

\int 1

 - 1

(1 - t)\nu /2(1 + t)\ell dt.
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162 CONGPEI AN AND HAO-NING WU

The term J(\nu ) can be further evaluated via the change of variables t= 2s - 1 as

J(\nu ) = 2\ell +
\nu 
2+1

\int 1

0

(1 - s)
\nu +2
2  - 1s\ell ds= 2\ell +

\nu 
2+1\Gamma 

\bigl( 
\nu +2
2

\bigr) 
\Gamma (\ell + 1)

\Gamma 
\bigl( 
\ell + \nu 

2 + 2
\bigr) .

Therefore, the modified moment (2.15) of h(| \bfitx  - \bfity | ) = | \bfitx  - \bfity | \nu with  - 1< \nu < 0 can
be evaluated analytically as

\mu \ell = 2\nu +2\pi 
\Bigl( 
 - \nu 
2

\Bigr) 
\ell 

\Gamma 
\bigl( 
\nu +2
2

\bigr) 
\Gamma 
\bigl( 
\ell + \nu 

2 + 2
\bigr) .

More details on this derivation can be found in [9, section 3.7.1].
Case 2: \bfith (| \bfitx  - \bfity | ) = log | \bfitx  - \bfity | . For the modified moments (2.15) with this

specific kernel, note that log(21/2(1 - t)1/2) satisfies the requirement (2.14). Thus, we
have

\mu \ell = 2\pi 

\int 1

 - 1

log(21/2(1 - t)1/2)P\ell (t)dt= \pi 

\int 1

 - 1

log(2(1 - t))P\ell (t)dt.

For \ell = 0, we have

\mu 0 = \pi 

\int 1

 - 1

log(2(1 - t))dt= \pi 

\biggl( 
2 log 2 +

\int 1

 - 1

log(1 - t)dt

\biggr) 
= \pi (4 log 2 - 2).

For \ell \geq 1, we utilize the orthogonality of Legendre polynomials and the Maclaurin
series of log(1 - t) for

\mu \ell = - \pi 
\int 1

 - 1

\infty \sum 
k=1

tk

k
P\ell (t)dt= - \pi 

\ell \sum 
k=1

1

k

\int 1

 - 1

tkP\ell (t)dt, \ell = 1,2, . . .

From our numerical experience, replacing log(1 - t) with its Maclaurin series should

be necessary. To compute integrals
\int 1

 - 1
tkP\ell (t)dt, we work with Chebfun [19]. Here

is a Matlab code segment that evaluates \mu \ell for \ell = 0,1, . . . , n.

1x = chebfun(’x’);

2mu(1) = pi*(4* log (2) -2);

3for ell = 1:n

4mu_temp = 0;

5for k = 1:ell

6mu_temp = mu_temp + sum(x.^k.* legpoly(ell))/k;

7end

8mu(ell+1) = -pi * mu_temp;

9end

Case 3: \bfith (| \bfitx  - \bfity | ) = | \bfitx  - \bfity | \bfitnu \bfone | \bfitx + \bfity | \bfitnu \bftwo with  - 1\leq \nu 1, \nu 2 < 0. Similar to Case
2, we compute the modified moments (2.15) with this specific kernel in terms of

\mu \ell = 2(\nu 1+\nu 2)/2(2\pi )

\int 1

 - 1

(1 - t)\nu 1/2(1 + t)\nu 2/2P\ell (t)dt.

Specifying \nu 1 and \nu 2 as nu1 and nu2, a Matlab code segment for \mu \ell with \ell = 0,1, . . . , n
is provided below.

1x = chebfun(’x’);

2const = 2^(( nu1+nu2 )/2)*2* pi;

3for ell = 0:n

4mu(ell+1) = const*sum((1-x).^( nu1 /2).*(1+x).^( nu2 /2)...

5.* legpoly(ell));

6end
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QUADRATURE METHODS FOR INTEGRAL EQUATIONS 163

5. Numerical experiments. Here, we give numerical results for our two-stage
scheme (2.11) and (2.12) in solving the integral equation (1.1) defined using both
nonsingular kernels and the three types of singular kernels mentioned above. We
investigate the following four kinds of point distributions on sphere:

\bullet Spherical t-designs [17]: a set of points \scrX m with the characterizing property
that an equal-weight quadrature rule in these points exactly integrates all
polynomials of degree at most t, that is,

4\pi 

m

m\sum 
j=1

\chi (\bfitx j) =

\int 
\BbbS 2
\chi (\bfity )d\omega (\bfity ) \forall \chi \in \BbbP t.(5.1)

In our experiment, we employ well conditioned spherical t-designs [2] to realize
the approximation.

\bullet Minimal energy points [37]: a set of points \scrX m that minimizes the Coulomb
energy

\sum m
i,j=1 1/\| \bfitx i  - \bfitx j\| 2.

\bullet Fekete points [35]: a set of points obtained by maximizing the determinant
of the interpolation matrix.

\bullet Equal area points [31]: a set of recursive zonal equal area partitions of \BbbS 2,
generated using an algorithm given in [24].

These four kinds of points are utilized in the first stage (2.11) of our scheme. For
the second stage (2.12), evaluating values of the numerical solution, we adopt 5,000
uniformly distributed points on \BbbS 2.

Experiment 1: \bfith (\bfitx ,\bfity )\equiv 1. We begin by testing our scheme using the case
where the solution is constant, specifically \varphi \equiv 1. Though h is nonsingular, we let
the continuous kernel be defined as K(\bfitx ,\bfity ) = sin(10| \bfitx  - \bfity | ), exhibiting oscillatory
behavior. Analytically, based on the Funk--Hecke formula, we determine that the
inhomogeneous term f should also be constant:

f(\bfitx ,\bfity ) = 1 - 2\pi 

\int 1

 - 1

sin
\Bigl( 
10
\sqrt{} 

2(1 - t)
\Bigr) 
dt\approx 1.455449001125579.

This integral, which involves a continuous integrand, is computed using MATLAB's
built-in integral command. We set the degree of hyperinterpolation to n = 20 and
choose the number of quadrature points as m = (2n + 1)2. Figure 1 illustrates the
numerical solutions of the integral equation (1.1). We consider four types of quadrature
points, comparing their errors with respect to the exact solution \varphi \equiv 1. Notably, the
numerical solutions closely approximate the constant value of 1, as indicated by the
color bar ranges, with the scheme utilizing spherical t-designs performing the best.

To further explore their comparison and validate our error analysis, we consider
uniform errors (L\infty errors) of numerical solutions for varying n and m. The first plot
in Figure 2 investigates the errors of numerical solutions of the equation considered
in Figure 1 with fixed n = 20 and varying m in the sense that m = (t + 1)2 for t
ranging from 15 to 35. The second plot demonstrates errors with n ranging from 15
to 35 and m varying corresponding to n in terms of m= (\lfloor 1.2n\rfloor + 1)2. Figure 2 not
only enriches the comparison results among quadrature points but also validates our
theoretical analysis that the L\infty errors decrease as n grows and the constant \eta in the
Marcinkiewicz--Zygmund property (2.3) decreases. The decrease in \eta is a consequence
of an increasing number m of points for a well-distributed point set.

Experiment 2: \bfith (\bfitx ,\bfity ) = | \bfitx  - \bfity | \bfitnu with  - 1 < \nu < 0. We continue by consid-
ering a singular kernel h(\bfitx ,\bfity ) = | \bfitx  - \bfity | \nu with \nu = - 0.5. Similar to Experiment 1, we
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Fig. 1. Nonsingular h= 1 and oscillatory K(\bfitx ,\bfity ) = sin(10| \bfitx  - \bfity | ): Numerical solutions (n= 20
and m= (2n+ 1)2) of (1.1) with exact solution being constant 1 and their absolute errors.
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Fig. 2. Nonsingular h = 1 and oscillatory K(\bfitx ,\bfity ) = sin(10| \bfitx  - \bfity | ): Uniform errors with dif-
ferent n and m.

test our scheme using the case where the solution is constant, \varphi \equiv 1. We consider an
oscillatory kernel again, K(\bfitx ,\bfity ) = cos(10| \bfitx  - \bfity | ). The inhomogeneous term

f(\bfitx ,\bfity )\equiv 1 - 2\pi 

\int 1

 - 1

\Bigl( \sqrt{} 
2(1 - t)

\Bigr)  - 0.5

cos
\Bigl( 
10
\sqrt{} 
2(1 - t)

\Bigr) 
dt

involves a singular integral. To evaluate it, we apply the substitution u=
\sqrt{} 
2(1 - t),

transforming the integral into\int 1

 - 1

\Bigl( \sqrt{} 
2(1 - t)

\Bigr)  - 0.5

cos
\Bigl( 
10
\sqrt{} 

2(1 - t)
\Bigr) 
dt=

\int 2

0

u1/2 cos(10u)du.

The resulting integrand is now continuous, allowing us to compute it accurately using
integral. This yields the approximation f(\bfitx ,\bfity )\approx 0.303738732800340. We set the
degree of hyperinterpolation to n = 20 and choose the number of quadrature points
as m= (2n+1)2. Figure 3 illustrates the numerical solutions of the integral equation
(1.1) with their absolute errors. These solutions are still close to the exact solution
\varphi \equiv 1, and again, the scheme utilizing spherical t-designs performs the best.

Similar to Figure 2, we validate our theoretical analysis for varying n and m in
the case of h(\bfitx ,\bfity ) = | \bfitx  - \bfity |  - 0.5. This validation is demonstrated in Figure 4.

Experiment 3: \bfith (\bfitx ,\bfity ) = log | \bfitx  - \bfity | . We then consider another singular ker-
nel, the log kernel (with natural base e). Similar to previous experiments, we test our
scheme using the case where the solution is \varphi \equiv 1. In this experiment, we let K = 1.
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Fig. 3. Singular h(\bfitx ,\bfity ) = | \bfitx  - \bfity |  - 0.5 and oscillatory K(\bfitx ,\bfity ) = cos(10| \bfitx  - \bfity | ): Numerical
solutions (n= 20 and m= (2n+ 1)2) of the equation (1.1) with exact solution being constant 1 and
their absolute errors.
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Fig. 4. Singular h(\bfitx ,\bfity ) = | \bfitx  - \bfity |  - 0.5 and oscillatory K(\bfitx ,\bfity ) = cos(10| \bfitx  - \bfity | ): Uniform errors
with different n and m.

The reason for considering the nonoscillatory kernel K is to test the accuracy of our
scheme. Recall our error bound (3.2): if K = 1 and \varphi = 1, then En(K(\bfitx 0, \cdot )\varphi ) = 0
for n \geq 1; and if the quadrature rule is exact for polynomials of degree 2n, then\sqrt{} 
\eta 2 + 4\eta \| \chi \ast \| L2 = 0. Thus, in the above situation, we should observe the error to be

near machine epsilon. If K contains oscillatory behavior, then similar results to the
previous two experiments have been observed. In this case, note that the inhomoge-
neous term

f(\bfitx ,\bfity )\equiv 1 - 2\pi 

\int 1

 - 1

log
\Bigl( \sqrt{} 

2(1 - t)
\Bigr) 
dt= 1 - \pi (4 log 2 - 2).

We set the degree of hyperinterpolation to n = 5 and choose the number of
quadrature points as m= (2n+1)2. Figure 5 illustrates the numerical solutions of the
integral equation (1.1) with their absolute errors. The solution using spherical t-design
is computed with error near machine epsilon. We further explore this interesting fact
with varying n and m.

The uniform errors of computed numerical solutions with varying n and m for the
log kernel are depicted in Figure 6. Our error analysis is validated in Figure 6 again.
Notably, the error plot related to spherical t-designs rapidly approaches the machine
epsilon, as explained before. Subsequently, this error curve starts to grow slowly due
to the accumulation of round-off errors as the size of the linear system in our scheme
increases.
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Fig. 5. Singular h(\bfitx ,\bfity ) = log | \bfitx  - \bfity | and nonoscillatory K = 1: Numerical solutions (n = 5
and m= (2n+ 1)2) of (1.1) with exact solution being constant 1 and their absolute errors.
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Fig. 6. Singular h(\bfitx ,\bfity ) = log | \bfitx  - \bfity | and nonoscillatory K = 1: Uniform errors with different
n and m.

Experiment 4: \bfith (\bfitx ,\bfity ) = | \bfitx  - \bfity | \bfitnu \bfone | \bfitx + \bfity | \bfitnu \bftwo . We then conduct an experiment
in the same conditions as Experiment 1 but with the singular kernel modified to
| \bfitx  - \bfity |  - 0.5| \bfitx + \bfity |  - 0.5. For the inhomogeneous term in this case, we introduce a new
variable \theta such that t= cos(\theta ), thus\int 1

 - 1

\Bigl( \sqrt{} 
2(1 - t)

\Bigr)  - 0.5 \Bigl( \sqrt{} 
2(1 + t)

\Bigr)  - 0.5

sin
\Bigl( 
10
\sqrt{} 
2(1 - t)

\Bigr) 
dt

=

\int \pi 

0

sin(20 sin(\theta /2)) \cdot sin1/2(\theta /2) cos1/2(\theta /2)d\theta ,

yielding f(\bfitx ,\bfity )\approx 0.930837885429478. For n= 20, the numerical solutions and their
errors are displayed in Figure 7. Errors for varying n and m are shown in Figure 8.
The conclusions drawn are consistent with those of the previous experiments.

6. Discussion. In this paper, we propose a two-stage numerical scheme (2.11)
and (2.12) for solving the integral equation (1.1) of the second kind on the sphere \BbbS 2
and provide numerical analysis. This scheme combines hyperinterpolation and prod-
uct integration rules to provide an explicit evaluation of the weights (2.10)Wj(\bfitx ). We
also present numerical experiments to show the accuracy of our scheme and validate
our analysis.

In the construction of Wj(\bfitx ), the distribution of quadrature points \scrX m and the
evaluation of modified moments (2.15) are essential. Traditionally, in numerical analy-
sis, quadrature points are chosen to ensure that the corresponding quadrature rule
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Fig. 7. Singular h(\bfitx ,\bfity ) = | \bfitx  - \bfity |  - 0.5| \bfitx + \bfity |  - 0.5 and oscillatory K(\bfitx ,\bfity ) = sin(10| \bfitx  - \bfity | ):
Numerical solutions (n = 20 and m = (2n+ 1)2) of (1.1) with exact solution being constant 1 and
their absolute errors.
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Fig. 8. Singular h(\bfitx ,\bfity ) = | \bfitx  - \bfity |  - 0.5| \bfitx + \bfity |  - 0.5 and oscillatory K(\bfitx ,\bfity ) = sin(10| \bfitx  - \bfity | ):
Uniform errors with different n and m.

is exact for polynomials of certain degrees. While this approach allows for straight-
forward error bounds with respect to polynomial degrees, it offers limited choices of
quadrature points. In our recent works [3, 4, 5], we have relaxed the exactness assump-
tion to the Marcinkiewicz--Zygmund (MZ) property (2.3). This relaxation enables a
broader range of quadrature points to be utilized while still deriving reasonable error
bounds. Spherical t-designs, which provide rotationally invariant quadrature rules
with exactness, perform exceptionally well. However, other quadrature points that
do not guarantee exactness can also yield satisfactory results. Particularly, minimal
energy points are generally unsuitable for polynomial interpolation since the corre-
sponding Lebesgue constant is very large, as noted in An's PhD thesis [1, section 3].
Nonetheless, in this paper, we demonstrate that minimal energy points can effec-
tively solve integral equations using the product integration method. Our method
and analysis can be extended to other point sets that satisfy the MZ property (2.3),
including randomly distributed points [23] or those with MZ-like properties, such as
quasi-Monte Carlo (QMC) designs [12]. For a comparison between point sets satisfy-
ing the MZ property and QMC designs, we refer to our previous paper [4].

The evaluation of modified moments (2.15) in this paper is based on the Funk--
Hecke formula. This formula is effective for certain special singular kernels, such as
the algebraic singular kernel | \bfitx  - \bfity | \nu with \nu < 0, the log kernel log | \bfitx  - \bfity | , and the
extended algebraic singular kernel | \bfitx  - \bfity | \nu 1 | \bfitx  - \bfity | \nu 2 with \nu 1, \nu 2 < 0. For cases involv-
ing both singular and oscillatory kernels, we treat the continuous oscillatory kernels

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

07
/1

8/
26

 to
 1

44
.2

14
.9

.1
91

 . 
R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



168 CONGPEI AN AND HAO-NING WU

as K(\bfitx ,\bfity ) and approximate the product of K and the solution \varphi using hyperinter-
polation. The degree of hyperinterpolation must be sufficiently high to capture the
oscillatory behavior ofK. The evaluation of modified moments (2.15) is a crucial topic
in numerical methods for singular integral equations. Deriving analytical expressions
and stable evaluation methods, particularly for mixed singular and oscillatory kernels,
will significantly enhance the applicability of our method.

The theory of hyperinterpolation using quadrature points that satisfy the MZ
property (2.3) plays an important role in our analysis. This theory imposes the L2

assumption on the singular kernel h, which is the only additional assumption we have
made compared to the common setting of singular integral equations. If the kernel
h is too singular to meet this assumption, we expect to implement transformations,
such as Atkinson's transformation [8] with the choices of ``grading parameters,"" to
obtain a new integrand that is much smoother and thus fulfills the L2 assumption.

Apart from quadrature methods, there are other numerical methods that have
been extensively investigated in the literature of integral equations; see, e.g., [13, 22]
and references therein. However, these methods have not been explored using quad-
rature rules that satisfy the MZ property. We hope that future contributions will
address this gap.
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