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1. Introduction

Let Sd := {x ∈ Rd+1 : ‖x‖2 = 1} be the unit sphere in the Euclidean space Rd+1 for d ≥ 2, en-
dowed with the surface measure ωd; that is, |Sd| := ∫

Sd dωd denotes the surface area of the unit 
sphere Sd . Many real-world applications can be modeled as spherical problems. A critical task of 
spherical modeling is to find an effective data fitting strategy to approximate the underlying mapping 
between input and output data. Hyperinterpolation, introduced by Sloan in [58], is a simple yet pow-
erful method for fitting spherical data, and it has received a great deal of interest since its birth, see, 
e.g., [3,4,30,40,43,53,54,59,61,68]. Given sampled data {(x j, y j)}m

j=1 ⊂ Sd ×R, the underlying mapping 
can be modeled as a spherical hyperinterpolant of degree n in the form of

x ∈ Sd �→
m∑

j=1

w j y j Gn(x, x j) ∈R, (1)

where w j > 0, j = 1, 2, . . . , m, are some prescribed weights,

Gn(x, y) =
n∑

�=0

Z(d,�)∑
k=1

Y�,k(x)Y�,k(y)

is a kernel generated by the spherical harmonics {Y�,k} of degree at most n, and the precise number 
Z(d, �) of spherical harmonics of exact degree � is given in (13).

The simplicity of spherical hyperinterpolation is manifested in the modeled mapping (1). Unlike 
many other fitting techniques that usually need to solve a system of linear equations to obtain the 
modeled mapping, e.g., the least squares, the spherical hyperinterpolation (1) can be directly written 
down and immediately generates the output from any input x ∈ Sd without any mathematical ma-
nipulations but only addition and multiplication. Moreover, adding a new data pair or withdrawing 
an existing one can be directly achieved without a new computation from scratch.

However, the construction of hyperinterpolation of degree n requires a positive-weight quadrature 
rule

m∑
j=1

w j f (x j) ≈
∫
Sd

f dωd (2)

to be exact for polynomials up to degree 2n, that is,

m∑
j=1

w j f (x j) =
∫
Sd

f dωd ∀ f ∈ P2n(S
d), (3)

where Pn := Pn(Sd) be the space of spherical polynomials of degree at most n. A convenient L2-
orthonormal basis (with respect to dωd) for Pn(Sd) is provided by the spherical harmonics {Y�,k :
k = 1, 2, . . . Z(d, �); � = 0, 1, 2, . . . , n}. The hyperinterpolation operator Ln : C(Sd) → Pn(Sd) maps a 
continuous function f ∈ C(Sd) to

Ln f :=
n∑

�=0

Z(d,�)∑
k=1

〈 f , Y�,k〉mY�,k ∈ Pn(S
d), (4)

where 〈 f , g〉m := ∑m
j=1 w j f (x j)g(x j) is the numerical evaluation of the inner product 〈 f , g〉 :=∫

Sd f (x)g(x)dωd by the quadrature rule (2) with the exactness assumption (3). In other words, the 
hyperinterpolation (4) of f ∈ C(Sd) can be regarded as a discrete version of the famous L2-orthogonal 
projection
2
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Pn f :=
n∑

�=0

Z(d,�)∑
k=1

〈
f , Y�,k

〉
Y�,k ∈ Pn(S

d) (5)

of f from C(Sd) onto Pn(Sd). Sometimes we may consider equal-weight quadrature rules of the form

|Sd|
m

m∑
j=1

f (x j) ≈
∫
Sd

f dωd. (6)

Regarding this very restrictive nature of (3) that it is impractical and sometimes impossible to 
obtain data on the desired quadrature points in practice, our aim in this paper is to bypass this 
quadrature exactness assumption by replacing it with the Marcinkiewicz–Zygmund property (see [5]):

Assumption 1. We assume that there exists an η ∈ [0, 1), which is independent of n and χ , such that∣∣∣∣∣∣∣
m∑

j=1

w jχ(x j)
2 −

∫
Sd

χ2dωd

∣∣∣∣∣∣∣ ≤ η

∫
Sd

χ2dωd ∀χ ∈ Pn(S
d). (7)

Then the construction of hyperinterpolation is feasible with many more quadrature rules outside 
the traditional candidates. Traditionally, quadrature rules using spherical t-designs are used to con-
struct hyperinterpolation. As we can see in this paper, quadrature rules using scattered points, equal 
area points, minimal energy points, maximal determinant points, and many other kinds of points are 
also feasible for constructing hyperinterpolation. The Marcinkiewicz–Zygmund property (7) is equiva-
lent to

(1 − η)

∫
Sd

χ2dωd ≤
m∑

j=1

w jχ(x j)
2 ≤ (1 + η)

∫
Sd

χ2dωd ∀χ ∈ Pn(S
d), (8)

which can be regarded as the Marcinkiewicz–Zygmund inequality [24,45,47] applied to polynomials 
χ2 of degree at most 2n with χ ∈ Pn(Sd), where η is independent of n and χ , and it has been 
utilized in our recent work [5] that quadrature rules are assumed to have exactness degree n + n′
with 0 < n′ ≤ n for the construction of hyperinterpolation. If n′ = n, i.e., the quadrature exactness is 
not relaxed, then the exactness (3) implies η = 0.

To distinguish the hyperinterpolation relying only on the Marcinkiewicz–Zygmund property (7)
from the original hyperinterpolation Ln , we refer to the former as the unfettered hyperinterpolation, 
indicating that the application of hyperinterpolation is no longer limited by the quadrature exactness 
assumption, and denote it by

Un f :=
n∑

�=0

Z(d,�)∑
k=1

〈 f , Y�,k〉mY�,k ∈ Pn(S
d), (9)

where the quadrature rule (2) for evaluating 〈 f , Y�,k〉m is only assumed to satisfy the property (7).
We derive in this paper that

‖Un f − f ‖L2 ≤
⎛
⎜⎝√

1 + η

⎛
⎝ m∑

j=1

w j

⎞
⎠

1/2

+ |Sd|1/2

⎞
⎟⎠ En( f ) +

√
η2 + 4η‖χ∗

n ‖L2 , (10)

where En( f ) denotes the best uniform error of f ∈ C(Sd) by a polynomial in Pn(Sd), that is, En( f ) :=
infχ∈Pn(Sd) ‖ f − χ‖∞ , and χ∗

n ∈ Pn(Sd) is the best approximation polynomial of f in Pn(Sd) in 
the sense of ‖ f − χ∗

n ‖∞ = En( f ). Though ‖χ∗
n ‖L2 is dependent of n, it does not blow up as n →
3
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∞ because ‖χ∗
n ‖L2 ≤ ‖χ∗

n ‖∞ ≤ En( f ) + ‖ f ‖∞ . Thus, no matter what kind of point distributions is 
adopted, if we can control the numerical integration error in the sense that the constant η in the 
Marcinkiewicz–Zygmund property (7) is reasonably small, we then have a reasonable approximation 
error bound of the unfettered hyperinterpolation. A Sobolev analog to the L2 error estimate (10), i.e., 
the error measured by a Sobolev norm, is also established in this paper.

The L2 error estimate (10) reduces to the classical result ‖Ln f − f ‖L2 ≤ 2|Sd|1/2 En( f ) of hyperin-
terpolation derived in [58] when the quadrature exactness degree is assumed to be 2n, because such 
an assumption leads to η = 0 and 

∑m
j=1 w j = ∫

Sd dωd = |Sd|. If the quadrature exactness degree is 
assumed to be n + n′ with 0 < n′ ≤ n, then the estimate (10) can be refined as

‖Un f − f ‖L2 ≤
(√

1 + η + 1
)

|Sd|1/2 En′( f ),

and this convergence rate in terms of En′ ( f ) coincides with the result in our recent work [5] that

‖Ln f − f ‖L2 ≤
(

1√
1 − η

+ 1

)
|Sd|1/2 En′( f ) (11)

under the same assumption, where Ln takes the same form of (4) but the quadrature rule used is 
assumed to have exactness degree of n + n′ with 0 < n′ ≤ n.

We also highlight the connection between the unfettered hyperinterpolation and QMC designs. 
Historically, quadrature exactness is often a starting point in designing quadrature rules. Nevertheless, 
this trend has recently received growing concerns regarding whether exactness is a reliable design-
ing principle, see, e.g., [64]. The concept of QMC designs, introduced by Brauchart, Saff, Sloan, and 
Womersley in [16], is an important quadrature-designing principle against this historical trend. QMC 
designs include many points distributions that are easy to obtain numerically, and quadrature rules 
using QMC designs provide the same asymptotic order of convergence as rules with quadrature ex-
actness when the integrand belongs to the Sobolev space H s(Sd) with s > d/2. Moreover, quadrature 
exactness is not a necessary assumption for QMC designs. If the quadrature points form a QMC de-
sign, then we show quadrature rules using them also satisfy the Marcinkiewicz–Zygmund property (7). 
Hence hyperinterpolation using QMC designs is a special case in the general framework of unfettered 
hyperinterpolation. However, the general error estimate (10) may not be sharp for hyperinterpolation 
using QMC designs, and we can refine them. Regarding the particularity of QMC designs, we may 
refer to the hyperinterpolation of f ∈ H s(Sd) using QMC designs, though a special case of unfettered 
hyperinterpolation, as the QMC hyperinterpolation, and denote it by

Qn f :=
n∑

�=0

Z(d,�)∑
k=1

〈
f , Y�,k

〉
m Y�,k ∈ Pn(S

d), (12)

where the quadrature rule (2) for evaluating 〈 f , Y�,k〉m adopts a QMC design for Hs(Sd) as the set of 
quadrature points. We show in this paper that for f ∈ H s(Sd),

‖Qn f − f ‖L2 ≤ c′′(s,d)

(
n−s + 1

ms/d

√
Z(d + 1,n)

a(s)
n

)
‖ f ‖Hs ,

where c′′(s, d) > 0 is some constant depending only on c and s, and a(s)
n is of order (1 + n)−2s .

Organization. The paper is organized as follows. Section 2 collects some technical facts regard-
ing spherical harmonics, our Sobolev space setting, spherical t-designs, and QMC designs. Section 3
gives the approximation theory of the unfettered hyperinterpolation under the only assumption of 
the Marcinkiewicz–Zygmund property (7). Section 4 develops the approximation theory of the QMC 
hyperinterpolation under the only assumption that {x j}m

j=1 forms a QMC design. Section 5 contains 
numerical experiments that validate our theory.
4
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2. Background

We are concerned with real-valued functions on the sphere Sd in the Euclidean space Rd+1 for 
d ≥ 2. Our analysis can be immediately applied to the case of the unit circle S1, provided that spher-
ical harmonics are replaced by trigonometric polynomials.

2.1. Spherical harmonics and hyperinterpolation

Let L2(Sd) denote the Hilbert space of all square-integrable functions on Sd with the inner product

〈 f , g〉 :=
∫
Sd

f (x)g(x)dωd(x)

and the induced norm ‖ f ‖L2 := √〈 f , f 〉. By C(Sd) we denote the space of continuous functions on 
Sd , endowed with the uniform norm ‖ f ‖∞ := supx∈Sd | f (x)|.

The restriction to Sd of a homogeneous and harmonic polynomial of total degree � defined 
on Rd+1 is called a spherical harmonic of degree � on Sd . We denote, as usual, by {Y�,k : k =
1, 2, . . . , Z(d, �)} a collection of L2-orthonormal real-valued spherical harmonics of exact degree �, 
where

Z(d,0) = 1, Z(d, �) = (2� + d − 1)
�(� + d − 1)

�(d)�(� + 1)
∼ 2

�(d)
�d−1 as � → ∞, (13)

where �(z) is the gamma function and f (x) ∼ g(x) as x → c means f (x)/g(x) → 1 as x → c. The 
spherical harmonics of degree � ∈ {0, 1, 2, . . .} satisfy the addition theorem [48, Theorem 2], that is,

Z(d,�)∑
k=1

Y�,k(x)Y�,k(y) = Z(d, �)

|Sd| P (d)
� (x · y), (14)

where P (d)
� is the normalized Gegenbauer polynomial on [−1, 1], orthogonal with respect to the 

weight function (1 − t2)d/2−1, and normalized such that P (d)
� (1) = 1. As an immediate application 

of the addition theorem, we have

‖Y�,k‖∞ ≤
(

Z(d, �)/|Sd|
)1/2 ∀� = 0,1,2, . . . and k = 1,2, . . . , Z(d, �). (15)

Indeed, for any spherical harmonic Y�,k , suppose |Y�,k(x)| attains ‖Y�,k‖∞ at the point x∗ ∈Sd , then

‖Y�,k‖∞ = |Y�,k(x∗)| ≤
⎛
⎝Z(d,�)∑

k=1

|Y�,k(x∗)|2
⎞
⎠

1/2

=
(

Z(d, �)

|Sd| P (d)
� (1)

)1/2

=
(

Z(d, �)/|Sd|
)1/2

.

Besides, it is well known (see, e.g., [48, pp. 38–39]) that each spherical harmonic Y�,k of exact degree 
� is an eigenfunction of the negative Laplace–Beltrami operator −�∗

d for Sd with eigenvalue

λ� := �(� + d − 1). (16)

The family {Y�,k : k = 1, . . . , Z(d, �); � = 0, 1, 2, . . .} of spherical harmonics forms a complete L2-
orthonormal (with respect to dωd) system for the Hilbert space L2(Sd). Thus, for any f ∈ L2(Sd), it 
can be represented by a Laplace–Fourier series

f (x) =
∞∑

�=0

Z(d,�)∑
k=1

f̂�,kY�,k(x)

with coefficients
5
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f̂�,k := 〈
f , Y�,k

〉 = ∫
Sd

f (x)Y�,k(x)dωd(x) (17)

for � = 0, 1, 2, . . . and k = 1, 2, . . . , Z(d, �).
The space Pn(Sd) of all spherical polynomials of degree at most n (i.e., the restriction to Sd of all 

polynomials in Rd+1 of degree at most n) coincides with the span of all spherical harmonics up to 
(and including) degree n, and its dimension satisfies dim(Pn(Sd)) = Z(d + 1, n). The space Pn(Sd) is 
also a reproducing kernel Hilbert space with the reproducing kernel

Gn(x, y) := Gn(x · y) :=
n∑

�=0

Z(d,�)∑
k=1

Y�,k(x)Y�,k(y) (18)

in the sense that

〈χ, Gn(·, x)〉 = χ(x) ∀χ ∈ Pn(S
d), (19)

see, e.g., [55], where Gn can be regarded as a univariate function of variable as an inner product 
x · y due to the addition theorem (14). Given f ∈ C(Sd), it is often simpler in practice to express 
the hyperinterpolant Ln f using the reproducing kernel Gn(·, ·) defined by (18). By rearranging the 
summation,

Ln f (x) =
n∑

�=0

Z(d,�)∑
k=1

⎛
⎝ m∑

j=1

w j f (x j)Y�,k(x j)

⎞
⎠ Y�,k(x) =

m∑
j=1

w j f (x j)Gn(x, x j).

Since such a summation-rearranging procedure does not depend on the quadrature exactness, such 
an expression also applies to Un f and Qn f . What makes the above three expressions different is the 
quadrature rules used for constructing different kinds of hyperinterpolants.

2.2. Sobolev spaces

The study of hyperinterpolation in a Sobolev space setting can be traced back to the work [30] by 
Hesse and Sloan. The Sobolev space H s(Sd) on the sphere Sd may be defined for s ≥ 0 as the set of 
all functions f ∈ L2(Sd) whose Laplace–Fourier coefficients (17) satisfy

∞∑
�=0

Z(d,�)∑
k=1

(1 + λ�)
s| f̂�,k|2 < ∞,

where λ� is given as (16). When s = 0, we have H0(Sd) = L2(Sd). The norm in Hs(Sd) may be 
defined as the square root of the expression on the left-hand side of the last inequality; however, 
in this paper, we shall take advantage of the freedom to define equivalent Sobolev space norms. Let 
s > d/2 be fixed and suppose we are given a sequence of positive real numbers (a(s)

� )�≥0 satisfying

a(s)
� � (1 + λ�)

−s � (1 + �)−2s, (20)

where an � bn denotes that there exist c1, c2 > 0 independent of n such that c1an ≤ bn ≤ c2bn . Then 
we can define a norm in Hs(Sd) by

‖ f ‖Hs :=
⎛
⎝ ∞∑

�=0

Z(d,�)∑
k=1

1

a(s)
�

| f̂�,k|2
⎞
⎠

1/2

.

The norm ‖ · ‖Hs therefore depends on the particular choice of the sequence (a(s)
� )�≥0, but a change 

to this sequence merely leads to an equivalent Sobolev norm.
The following lemmas are necessary for our analysis.
6
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Lemma 2.1. For any f ∈Pn(Sd), ‖ f ‖Hs ≤ c̃ (n + 1)s ‖ f ‖L2 , where c̃ > 0 is a constant.

Proof. It is straightforward that for any f ∈Pn(Sd),

‖ f ‖Hs =
⎛
⎝ n∑

�=0

Z(d,�)∑
k=1

1

a(s)
�

| f̂�,k|2
⎞
⎠

1/2

≤
(

1

a(s)
n

‖ f ‖2
L2

)1/2

≤ c̃ (n + 1)s ‖ f ‖L2 ,

where we used the order (20) of (a(s)
� )�≥0. �

Lemma 2.2. If s > d/2, then ‖ f g‖Hs ≤ č‖ f ‖Hs ‖g‖Hs , where č > 0 is some constant.

Proof. For any Lipschitz domain 	, let W s,2(	) be the Sobolev space of those functions in L2(	)

whose distributional derivatives up to (and including) order s are in L2(	). Note that the Sobolev 
spaces Hs(Sd) can also be defined with the help of charts (that is, the so-called Sobolev spaces over 
boundaries), giving the space W s,2(Sd) with an equivalent norm, that is,

c1‖ f ‖Hs ≤ ‖ f ‖W s,2(Sd) ≤ c2‖ f ‖Hs , (21)

where c1, c2 > 0 are some constants; see [44, Chapter 7.3] or [6, Chapter 7.2.3]. If s > d/2, then the 
Sobolev space W s,2(Sd) is a Banach algebra, that is, for any f , g ∈ W s,2(Sd),

‖ f g‖W s,2(Sd) ≤ c3‖ f ‖W s,2(Sd)‖g‖W s,2(Sd), (22)

where c3 > 0 is some constant; we refer to [1, Theorem 5.23] or [46, Section 6.1] for this result. 
Together with (21) and (22), we have the desired estimate. �
Remark 2.1. The norm equivalence (21) is also identified and utilized in some other spherical approx-
imation schemes, see, e.g., [32,39].

2.3. Spherical t-designs and QMC designs

A spherical t-design, introduced in the remarkable paper [20] by Delsarte, Goethals, and Seidel, is 
a set of points {x j}m

j=1 ⊂ Sd with the characterizing property that an equal-weight quadrature rule in 
these points exactly integrates all polynomials of degree at most t , that is,

|Sd|
m

m∑
j=1

χ(x j) =
∫
Sd

χ(x)dωd(x) ∀χ ∈ Pt . (23)

A majority of studies in the literature on spherical designs care about the relation between m
and t in (23). It was known by Seymour and Zaslavsky [57] that a spherical t-design always exists if 
m is sufficiently large, but no quantitative results on the size of m were established. In the original 
manuscript [20] of spherical t-designs, lower bounds on m of exact order td were derived in the sense 
that

m ≥

⎧⎪⎪⎨
⎪⎪⎩

(
d + t/2

d

)
+

(
d + t/2 − 1

d

)
for even t,

2

(
d + �t/2�

d

)
for odd t;

but according to Bannai and Damerell [8,9], the number m of quadrature points could attain these 
lower bounds only for a few small values of t . Bondarenko, Radchenko, and Viazovska asserted in 
[10] that for each m ≥ ctd with some positive but unknown constant c > 0, there exists a spherical 
t-design in Sd consisting of m points.
7
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Quadrature rules (2) using spherical t-designs are known to have fast convergence property when 
the integrand belongs to the Sobolev space H s; namely, given s > d/2, there exists C(s, d) > 0 de-
pending only on s and d such that for every m-point spherical t-design {x j}m

j=1 on Sd , there holds

sup
f ∈Hs(Sd),
‖ f ‖Hs ≤1

∣∣∣∣∣∣∣
|Sd|
m

m∑
j=1

f (x j) −
∫
Sd

f (x)dωd

∣∣∣∣∣∣∣ ≤ C(s,d)

ts
. (24)

The estimate (24) was established gradually: It was first proved for the particular case s = 3/2 and 
d = 2 in [28], then extended to all s > 1 for d = 2 in [29], and finally extended to all s > d/2 and 
all d ≥ 2 in [15]. The condition s > d/2 is a natural one because functions to be approximated in this 
paper are assumed to be continuous, and by the Sobolev embedding theorem, H s(Sd) is continuously 
embedded in C(Sd) if s > d/2.

If only spherical t-designs with m � td are concerned, then the upper bound on the error (24) is 
of order m−s/d . Here comes the concept of QMC designs, introduced by Brauchart, Saff, Sloan, and 
Womersley in [16]: Given s > d/2, a sequence {x j}m

j=1 of m-point configurations on Sd with m → ∞
is said to be a sequence of QMC designs for H s(Sd) if there exists c(s, d) > 0 independent of m such 
that

sup
f ∈Hs(Sd),
‖ f ‖Hs ≤1

∣∣∣∣∣∣∣
|Sd|
m

m∑
j=1

f (x j) −
∫
Sd

f (x)dωd

∣∣∣∣∣∣∣ ≤ c(s,d)

ms/d
. (25)

In a nutshell, quadrature rules using QMC designs provide the same asymptotic order of convergence 
as exact rules (e.g., rules using spherical t-designs) when the integrand belongs to the Sobolev space 
Hs , but are easier to obtain numerically. For more studies on the numerical integration on the sphere 
with the integrand belonging to a Sobolev space, we refer the reader to [12,13,31,37]. Equal-weight 
numerical integration rules with the integrand belonging to many other spaces of smoothness also 
attracts much interest, see, e.g., [7,22,23,25,26,33,34,62], to name a few.

A substantial definition related to QMC designs {x j}m
j=1 is the QMC strength, denoted by s∗ . For 

every sequence of QMC designs {x j}m
j=1, there is some number s∗ such that {x j}m

j=1 is a sequence of 
QMC designs for all s satisfying d/2 < s ≤ s∗ and is not a QMC design for s > s∗ . Even if the integrand 
f is infinitely differentiable, the convergence rate of the numerical integration error (25) using a QMC 
design with strength s∗ is controlled by m−s∗/d .

3. General framework of unfettered hyperinterpolation

With the aid of the reproducing property (19), the Marcinkiewicz–Zygmund property (7) implies 
the following lemma.

Lemma 3.1. For any χ ∈Pn(Sd), we have
(a) (1 − η)‖χ‖2

L2 ≤ 〈Unχ,χ 〉 ≤ (1 + η)‖χ‖2
L2 .

(b) (1 − η)‖χ‖L2 ≤ ‖Unχ‖L2 ≤ (1 + η)‖χ‖L2 .
(c) ‖Unχ − χ‖2

L2 ≤ (η2 + 4η)‖χ‖2
L2 .

Proof. (a) The reproducing property (19) of Gn(·, ·) implies

〈Unχ,χ〉 =
〈

m∑
j=1

w jχ(x j)Gn(x, x j),χ(x)

〉
=

m∑
j=1

w jχ(x j)
〈
Gn(x, x j),χ(x)

〉 = n∑
j=1

w jχ(x j)
2.

Thus by the Marcinkiewicz–Zygmund property (7),
8
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(1 − η)‖χ‖2
L2 = (1 − η)

∫
Sd

χ2dωd ≤
n∑

j=1

w jχ(x j)
2 ≤ (1 + η)

∫
Sd

χ2dωd = (1 + η)‖χ‖2
L2 .

(b) By part (a), we have (1 − η)‖χ‖2
L2 ≤ 〈Unχ,χ 〉 ≤ ‖Unχ‖L2‖χ‖L2 , leading to (1 − η)‖χ‖L2 ≤

‖Unχ‖L2 . We also have

‖Unχ‖2
L2 ≤ 〈Unχ,Unχ〉 =

〈
m∑

j=1

w jχ(x j)Gn(x, x j),Unχ(x)

〉
=

m∑
j=1

w jχ(x j)Unχ(x j)

≤
⎛
⎝ m∑

j=1

w jχ(x j)
2

⎞
⎠

1/2 ⎛
⎝ m∑

j=1

w j
(
Unχ(x j)

)2

⎞
⎠

1/2

≤ (1 + η)‖χ‖L2‖Unχ‖L2 ,

where the first inequality is due to the Cauchy–Schwarz inequality, and the second one is ensured by 
the Marcinkiewicz–Zygmund property (8). Thus part (b) is proved.

(c) Using parts (a) and (b) above, it is straightforward that

‖Unχ − χ‖2
L2 = ‖Unχ‖2

L2 − 2 〈Unχ,χ〉 + ‖χ‖2
L2

≤ (1 + η)2‖χ‖2
L2 − 2(1 − η)‖χ‖2

L2 + ‖χ‖2
L2

= (η2 + 4η)‖χ‖2
L2 .

Hence this lemma is proved. �
We are now ready to state our main theorem.

Theorem 1. Given f ∈ C(Sd), let Un f ∈ Pn be its unfettered hyperinterpolant defined by (9), where the m-
point positive-weight quadrature rule (2) is only assumed to have the Marcinkiewicz–Zygmund property (7)
with η ∈ [0, 1). Then

‖Un f ‖L2 ≤ √
1 + η

⎛
⎝ m∑

j=1

w j

⎞
⎠

1/2

‖ f ‖∞, (26)

and

‖Un f − f ‖L2 ≤
⎛
⎜⎝√

1 + η

⎛
⎝ m∑

j=1

w j

⎞
⎠

1/2

+ |Sd|1/2

⎞
⎟⎠ En( f ) +

√
η2 + 4η‖χ∗

n ‖L2 , (27)

where En( f ) denotes the best uniform error of f by a polynomial in Pn(Sd) and χ∗
n ∈ Pn(Sd) denotes the 

best approximation polynomial of f in Pn(Sd) in the sense of ‖ f − χ∗
n ‖∞ = En( f ).

Remark 3.1. Note that ‖χ∗
n ‖L2 implicitly depends on f ; for more details on the existence and unique-

ness of χ∗
n , we refer the reader to [21, Chapter 3].
9
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Proof. For any f ∈ C(Sd), we have Un f ∈Pn and hence 
〈
Gn(x · x j),Un f (x)

〉 = Un f (x j). Thus,

〈Un f ,Un f 〉 =
〈

m∑
j=1

w j f (x j)Gn(x · x j),Un f (x)

〉
=

m∑
j=1

w j f (x j)Un f (x j)

≤
⎛
⎝ m∑

j=1

w j f (x j)
2

⎞
⎠

1/2 ⎛
⎝ m∑

j=1

w j
(
Un f (x j)

)2

⎞
⎠

1/2

≤
⎛
⎝ m∑

j=1

w j

⎞
⎠

1/2

‖ f ‖∞
√

1 + η‖Un f ‖L2 ,

where the first inequality is due to the Cauchy–Schwarz inequality and the second one holds by 
using 

∑m
j=1 w j f (x j)

2 ≤ ‖ f ‖2∞
∑m

j=1 w j and the Marcinkiewicz–Zygmund property (7). This estimate 
immediately implies the stability result (26).

The error bound (27) is obtained by the following argument. For any χ ∈Pn , we have

‖Un f − f ‖L2 = ‖Un( f − χ) + (χ − f ) + (Unχ − χ)‖L2

≤ ‖Un( f − χ)‖L2 + ‖ f − χ‖L2 + ‖Unχ − χ‖L2

≤ √
1 + η

⎛
⎝ m∑

j=1

w j

⎞
⎠

1/2

‖ f − χ‖∞ + |Sd|1/2‖ f − χ‖∞ + ‖Unχ − χ‖L2 .

It follows, since this estimate holds for all polynomials in Pn(Sd), that

‖Un f − f ‖L2 ≤
⎛
⎜⎝√

1 + η

⎛
⎝ m∑

j=1

w j

⎞
⎠

1/2

+ |Sd|1/2

⎞
⎟⎠ En( f ) + ‖Unχ

∗
n − χ∗

n ‖L2 .

By part (c) of Lemma 3.1, we have ‖Unχ
∗
n − χ∗

n ‖L2 ≤ √
η2 + 4η‖χ∗

n ‖L2 . �
3.1. Connections in the literature

If the quadrature rule (2) is additionally assumed to integrate all constant functions (polynomials 
of degree zero) exactly, that is, 

∑m
j=1 w j = |Sd|, then we have ‖Un f ‖L2 ≤ √

1 + η|Sd|1/2‖ f ‖∞ and

‖Un f − f ‖L2 ≤
(√

1 + η + 1
)

|Sd|1/2 En( f ) +
√

η2 + 4η‖χ∗
n ‖L2 .

If the quadrature rule (2) exactly integrates all polynomials of degree at most 2n, i.e., the con-
stant η is zero, then the stability result (26) and error bound (27) reduce to the classical results of 
hyperinterpolation in [58]; namely, ‖Un f ‖L2 ≤ |Sd|1/2‖ f ‖∞ and

‖Un f − f ‖L2 ≤ 2|Sd|1/2 En( f ).

If the quadrature rule (2) has exactness degree n + n′ with 0 < n′ ≤ n, then Unχ = χ for all 
χ ∈Pn′(Sd), see [5, Lemma 2.1]. By the stability result (26), we have for any χ ∈Pn′ (Sd),

‖Un f − f ‖L2 ≤ ‖Un( f − χ) − ( f − χ)‖L2 ≤ ‖Un( f − χ)‖L2 + ‖ f − χ‖L2 .

As this estimate holds for all χ ∈Pn′ (Sd), it is straightforward that

‖Un f − f ‖L2 ≤
(√

1 + η + 1
)

|Sd|1/2 En′( f ), (28)
10
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which has the same convergence rate in terms of En′( f ) as our previous estimate (11) in [5]. In 
[5], we make use of the discrete orthogonal projection property (see [5, Lemma 3.1]) to obtain the 
estimate (11), while in this paper we utilize the reproducing property (19) for the estimate (28).

Moreover, in light of Theorem 1 and the study on spherical hyperinterpolation in a Sobolev space 
setting by Hesse and Sloan in [30], we have the following Sobolev estimates, which reduce to their 
results in [30] when the exactness degree 2n is assumed. For simplicity and without loss of generality, 
we assume 

∑m
j=1 w j = |Sd| in Corollary 3.1. Note that Hs(Sd) ⊂ L2(Sd).

Corollary 3.1. Let d ≥ 2, and let t and s be fixed real numbers with s ≥ t ≥ 0 and s > d/2. Under the conditions 
of Theorem 1, for any unfettered hyperinterpolation operator Un : Hs(Sd) → Ht(Sd), there hold

‖Un f ‖Ht ≤c̃
[(√

1 + η|Sd|1/2 + 1
)

(n + 1)d/2+t−s‖ f ‖Hs

+(n + 1)t
√

η2 + 4η‖ f ‖L2

]
+ ‖ f ‖Hs

(29)

and

‖Un f − f ‖Ht ≤c̃
[(√

1 + η|Sd|1/2 + 1
)

(n + 1)d/2+t−s En( f ; Hs(Sd))

+c̃(n + 1)t
√

η2 + 4η‖ f ‖L2

]
,

(30)

where ̃c > 0 is some constant that may vary line to line, and En( f ; Hs(Sd)) is the best Hs approximation error 
of f ∈ Hs(Sd) by a polynomial in Pn(Sd), that is, En( f ; Hs(Sd)) := infχ∈Pn(Sd) ‖ f − χ‖Hs .

Remark 3.2. When the exactness degree of the rule (2) is assumed to be 2n, we have η = 0, and 
hence the results (29) and (30) reduce to the respective results of the original hyperinterpolation 
(some constants may be different) derived by Hesse and Sloan in [30].

Proof. Similar to the decomposition of ‖Un f − f ‖L2 in the proof of Theorem 1, we have

‖Un f − f ‖Ht ≤ ‖Un( f −Pn f )‖Ht + ‖Pn f − f ‖Ht + ‖Un(Pn f ) −Pn f ‖Ht , (31)

where Pn is the L2 orthogonal projection operator (5). The first term on the right-hand side of (31)
can be bounded by

‖Un( f −Pn f )‖Ht ≤ c̃(n + 1)t‖Un( f −Pn f )‖L2

≤ c̃(n + 1)t
√

1 + η|Sd|1/2‖ f −Pn f ‖∞
≤ c̃(n + 1)t

√
1 + η|Sd|1/2(n + 1)d/2−s‖ f −Pn f ‖Hs ,

where the first inequality is due to Lemma 2.1, the second is due to the stability result (26), and the 
third is due to [30, Lemma 3.5]. This lemma also guarantees that

‖Pn f − f ‖Ht ≤ c̃(n + 1)t−s‖Pn f − f ‖Hs .

The third term can be estimated as

‖Un(Pn f ) −Pn f ‖Ht ≤ c̃(n + 1)t‖Un(Pn f ) −Pn f ‖L2

≤ c̃(n + 1)t
√

η2 + 4η‖Pn f ‖L2

≤ c̃(n + 1)t
√

η2 + 4η‖ f ‖L2 ,

where the first inequality is due to Lemma 2.1, the second is due to part (c) of Lemma 3.1, and the 
third is due to the fact that the norm of Pn as an operator from L2(Sd) onto L2(Sd) is 1. Thus we 
have
11
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‖Un f − f ‖Ht ≤c̃
[(√

1 + η|Sd|1/2 + 1
)

(n + 1)d/2+t−s En( f ; Hs(Sd))

+(n + 1)t
√

η2 + 4η‖ f ‖L2

]
,

where En( f ; Hs(Sd)) = ‖ f −Pn f ‖Hs is verified by [30, Equ. (3.22)].
As ‖ f −Pn f ‖Hs ≤ ‖ f ‖Hs and ‖ f ‖Ht � ‖ f ‖Hs , we have

‖Un f ‖Ht ≤ ‖Un f − f ‖Ht + ‖ f ‖Ht

≤c̃

[(√
1 + η|Sd|1/2 + 1

)
(n + 1)d/2+t−s‖ f ‖Hs + (n + 1)t

√
η2 + 4η‖ f ‖L2

]
+ ‖ f ‖Hs ,

which completes the proof of this corollary. �
3.2. Scattered data

In the work [38] of Le Gia and Mhaskar, the Marcinkiewicz–Zygmund inequality (7) was estab-
lished for the case where quadrature points are randomly distributed:

Proposition 2 ([38, p. 463]). Let γ > 0 and η ∈ (0, 1). For an equal-weight quadrature rule (6) with an in-
dependent random sample of m quadrature points drawn from the distribution ωd, there exists a constant 
c̄ := c̄(γ ) such that if m ≥ c̄nd log n/η2 , then the Marcinkiewicz–Zygmund property (7) holds with probability 
exceeding 1 − c̄n−γ .

With Proposition 2, we can obtain a probabilistic description of Theorem 1.

Corollary 3.2. Adopt conditions of Theorem 1 and Proposition 2, where the quadrature rule for constructing 
Un f takes the form of (6) and uses m ≥ c̄(γ )nd log n/η2 quadrature points. Then the stability result (26) and 
error bound (27) are valid with probability exceeding 1 − c̄n−γ .

As we can see, having bypassed the quadrature exactness assumption of the original hyperin-
terpolation, Theorem 1 provides a general framework of analyzing the behavior of the unfettered 
hyperinterpolation. What we need to do in practice is to control the constant η occurred in the 
Marcinkiewicz–Zygmund property (7). As a practical guide, if the quadrature points are independently 
random samples from the distribution ωd , then Corollary 3.2 suggests a simple way to decrease η by 
increasing the number m of quadrature points.

4. Unfettered hyperinterpolation with QMC designs

If {x j}m
j=1 is a QMC design for Hs(Sd), it can be managed to satisfy the Marcinkiewicz–Zygmund 

property (7), as shown in Section 4.1. Hence the unfettered hyperinterpolation using QMC designs is 
a special case of the general framework analyzed in Theorem 1. Recall that we refer to such approx-
imation as the QMC hyperinterpolation, denoted by Qn . However, the obtained error estimate may 
not be optimal due to the generality of Theorem 1, and we can find a sharper estimate customized 
for the unfettered hyperinterpolation using QMC designs.

4.1. QMC hyperinterpolation in the general framework of unfettered hyperinterpolation

It is critical to note that the numerical integration error (25) of the QMC design-based quadrature 
rule and the Marcinkiewicz–Zygmund property (7) are not interchangeable. The error (25) applies to 
all functions in Hs(Sd), but the property (7) only holds for polynomial χ2 with χ ∈ Pn(Sd). On the 
other hand, if the integrand in the quadrature rule (6) is χ2 with χ ∈ Pn(Sd), the error bound (25)
suggests
12
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∣∣∣∣∣∣∣
|Sd|
m

m∑
j=1

χ(x j)
2 −

∫
Sd

χ2dωd

∣∣∣∣∣∣∣ ≤
c(s,d)

ms/d
‖χ2‖Hs , (32)

with the controlling term being ‖χ2‖Hs instead of 
∫
Sd χ2dωd in the Marcinkiewicz–Zygmund prop-

erty (7). Nevertheless, we can find an upper bound of ‖χ2‖Hs in terms of 
∫
Sd χ2dωd to transform 

the error (32) into a Marcinkiewicz–Zygmund property (7). With the aid of Lemma 2.1, we have

‖χ2‖Hs ≤ c̃(2n + 1)s‖χ2‖L2 ≤ c̃(2n + 1)s‖χ‖∞‖χ‖L2 ≤ c̃(2n + 1)s ‖χ‖∞
‖χ‖L2

∫
Sd

χ2dωd.

For any χ = ∑n
�=0

∑Z(d,�)

k=1 α�,kY�,k ∈Pn(Sd), we have

‖χ‖∞
‖χ‖L2

≤
∑n

�=0
∑Z(d,�)

k=1 |α�,k|‖Y�,k‖∞√∑n
�=0

∑Z(d,�)

k=1 |α�,k|2
≤

√
Z(d,n)

|Sd| Z(d + 1,n),

where we used the estimate (15) on the uniform norm of Y�,k and regard {α�,k} as a vector of size 
Z(d + 1, n). Then we can let

η = c(s,d)c̃

ms/d
(2n + 1)s

√
Z(d,n)

|Sd| Z(d + 1,n) (33)

and enforce it to be in (0, 1). Thus to this end, with the asymptotic result (13) of the size of Z(d, �), 
the number m should have a lower bound of order nd+ d2

s − d
2s as n → ∞. Moreover, note that for 

a fixed degree n, the convergence rate of the term 
√

η2 + 4η‖χ∗‖L2 in the error estimate (27) in 
Theorem 1 with respect to m is m−s/(2d) .

4.2. Approximation theory of QMC hyperinterpolation

We then show that the QMC hyperinterpolation has a sharper error estimate than the general 
estimate (27) in Theorem 1.

Theorem 3. Given f ∈ Hs(Sd) ⊂ L2(Sd), let Qn f ∈ Pn(Sd) be its QMC hyperinterpolant defined by (12), 
where the m-point equal-weight quadrature rule (6) adopts a QMC design for Hs(Sd) as quadrature points. 
Then

‖Qn f ‖L2 ≤ ‖ f ‖L2 + c′(s,d)

ms/d
(n + 1)s‖ f ‖Hs , (34)

where c′(s, d) > 0 is some constant depending only on s and d, and

‖Qn f − f ‖L2 ≤ c′′(s,d)

(
n−s + 1

ms/d

√
Z(d + 1,n)

a(s)
n

)
‖ f ‖Hs , (35)

where c′′(s, d) > 0 is some constant depending only on s and d.
13
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Proof. For f ∈ Hs(Sd), we have

‖Qn f ‖2
L2 = 〈Qn f ,Qn f 〉 =

〈
m∑

j=1

w j f (x j)Gn(x, x j),Qn f (x)

〉

=
m∑

j=1

w j f (x j)Qn f (x j) ≤
∫
Sd

(Qn f ) f dωd + c(s,d)

ms/d
‖(Qn f ) f ‖Hs

≤ ‖ f ‖L2‖Qn f ‖L2 + c(s,d)č

ms/d
‖ f ‖Hs ‖Qn f ‖Hs

≤ ‖ f ‖L2‖Qn f ‖L2 + c(s,d)č

ms/d
‖ f ‖Hs (n + 1)s‖Qn f ‖L2 ,

where the first inequality is due to the integration error (25) using QMC designs, the second one is 
due to the Cauchy–Schwarz inequality and Lemma 2.2 with č given there, and the last one is due to 
Lemma 2.1. Hence we have the stability result (34).

For the error estimate (35), we have

‖Qn f − f ‖L2 ≤ ‖Qn f −Pn f ‖L2 + ‖Pn f − f ‖L2 ,

where Pn is the L2-orthgonal projection operator (5). For the term ‖Pn f − f ‖L2 , we have

‖Pn f − f ‖2
L2 =

∞∑
�=n+1

Z(d,�)∑
k=1

|〈 f , Y�,k〉|2 =
∞∑

�=n+1

Z(d,�)∑
k=1

|〈 f , Y�,k〉|2 a(s)
�

a(s)
�

� n−2s‖ f ‖2
Hs ,

where we use the asymptotic relation a(s)
n � (1 + n)−2s . For the term ‖Qn f −Pn f ‖L2 , we have

‖Qn f −Pn f ‖2
L2 =

n∑
�=0

Z(d,�)∑
k=1

∣∣〈 f , Y�,k
〉
m − 〈

f , Y�,k
〉∣∣2

and

∣∣〈 f , Y�,k
〉
m − 〈

f , Y�,k
〉∣∣2 ≤

(
c(s,d)

ms/d
‖ f Y�,k‖Hs

)2

≤
(

c(s,d)č

ms/d
‖ f ‖Hs ‖Y�,k‖Hs

)2

,

where the first inequality is described by the integration error (25) using QMC designs, and the second 
is due to Lemma 2.2. Note that

‖Y�,k‖2
Hs =

n∑
�′=0

Z(d,�)∑
k′=1

1

a(s)
�

|〈Y�,k, Y�′,k′
〉|2 = 1

a(s)
�

.

Thus

‖Qn f −Pn f ‖2
L2 ≤

(
c(s,d)č

ms/d
‖ f ‖Hs

)2 1

a(s)
n

n∑
�=0

Z(d,�)∑
k=1

1 =
(

c(s,d)č

ms/d
‖ f ‖Hs

)2 Z(d + 1,n)

a(s)
n

,

leading to the error estimate (35). �
The estimate (35) consists of two terms, one represents the error of the original hyperinterpola-

tion, and the other is newly introduced in terms of m. In addition to hyperinterpolation, the fully 
discrete needlet approximation [66] using spherical needlets [49,50] and using quadrature rules with-
out exactness assumption also has error estimates of this type, see a recent contribution in [14].
14
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Corollary 4.1. If f ∈Pn(Sd) ⊂ Hs(Sd), then ‖Pn f − f ‖L2 = 0 and

‖Qn f − f ‖L2 ≤ c(s,d)č

ms/d

√
Z(d + 1,n)

a(s)
n

‖ f ‖Hs .

Remark 4.1. If the number m of quadrature points has a lower bound of order (n + 1)d , then ‖Qn f ‖L2

is stable in the sense of

‖Qn f ‖L2 ≤ ‖ f ‖L2 + c′(s,d)‖ f ‖Hs .

Recall from (20) that a(s)
n � (1 + n)−2s and from (13) that Z(d + 1, n) ∼ 2

�(d+1)
nd as n → ∞. Thus if 

m has a lower bound of order nd+ d2
2s , then ‖Qn f − f ‖L2 does not blow up as n → ∞. Moreover, if m

has a lower bound of order

(n + 1)d+ε1n
d2
2s +ε2 (36)

where ε1, ε2 > 0, then ‖Qn f − f ‖L2 → 0 as n → ∞.

If the QMC hyperinterpolation is regarded as a special case of the unfettered hyperinterpolation, 
then the expression (33) on η requires m to have a lower bound of order

(2n + 1)d+ε1n
2d2−d

2s +ε2 (37)

so that η → 0 and hence ‖Qn f − f ‖L2 → 0 as n → ∞. For the same values of ε1 and ε2, the order 
(37) derived from regarding the QMC hyperinterpolation as a special case of the unfettered hyperin-
terpolation is unconditionally greater than the order (36) derived from Theorem 3, as d2

2s < d2

s − d
2s

holds for any d ≥ 1. Moreover, as the term En( f ) in the estimate (27) in Theorem 1 also has con-
vergence rate of n−s , what essentially varies the general estimate (27) and the refined estimate (35)
is the other term in both estimates: the term 

√
η2 + 4η‖χ∗

n ‖L2 in the estimate (27) and the term 
1

ms/d

√
Z(d+1,n)

a(s)
n

‖ f ‖Hs in the refined estimate (35). For a fixed degree n, we have demonstrated in Sec-

tion 4.1 that the convergence rate of the term in (27) with respect to m is m−s/(2d) , and we can see 
the convergence rate of the term in (35) is m−s/d .

Corollary 4.2. With the aid of Remark 4.1, we know that if En( f ) � n−s , then letting m � (n + 1)dn
d2
2s nd gives

‖Qn f − f ‖L2 � n−s.

Remark 4.2. For the above results, we assume f ∈ H s(Sd) and {x j}m
j=1 is a QMC design for Hs(Sd). 

Recall the concept of QMC strength. Suppose f ∈ H s′ and {x j}m
j=1 is a QMC design with strength s∗ , 

then s in the above results should be s = min{s′, s∗}.

5. Numerical experiments

5.1. Point sets and test functions

Many different sequences of point sets on the sphere have been introduced in the literature. In the 
following experiments, we use points sets including

◦ Random scattered points generated by the following MATLAB commands:
rvals = 2*rand(m,1)-1;
elevation = asin(rvals); % calculate elevation angles
15
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azimuth = 2*pi*rand(m,1); % create azimuth angles
% convert to Cartesian coordinates
[x1,x2,x3] = sph2cart(azimuth,elevation,ones(m,1));

◦ Equal area points [52] based on an algorithm given in [42];
◦ Fekete points which maximize the determinant for polynomial interpolation [60];
◦ Coulomb energy points, which minimize 

∑m
i, j=1(1/‖xi − x j‖2);

◦ Spherical t-designs.

Random scattered points are directly generated in MATLAB, equal area points are generated based 
on the Recursive Zonal Equal Area (EQ) Sphere Partitioning Toolbox by Leopardi, Fekete points and 
Coulomb energy points are computed by Womersley in advance and are available on his website1, 
and spherical t-designs are generated as the so-called well conditioned spherical t-designs in [2].

Moreover, we consider four kinds of test functions, including

◦ A polynomial f1(x) = (x1 + x2 + x3)
2 ∈P6(Sd);

◦ f2(x1, x2, x3) := |x1 + x2 + x3| + sin2(1 + |x1 + x2 + x3|), which is continuous but non-smooth;
◦ The Franke function for the sphere [56, p. 146]

f3(x1, x2, x3) :=0.75 exp(−((9x1 − 2)2)/4 − ((9x2 − 2)2)/4 − ((9x3 − 2)2)/4)

+0.75 exp(−((9x1 + 1)2)/49 − ((9x2 + 1))/10 − ((9x3 + 1))/10)

+0.5 exp(−((9x1 − 7)2)/4 − ((9x2 − 3)2)/4 − ((9x3 − 5)2)/4)

−0.2 exp(−((9x1 − 4)2) − ((9x2 − 7)2) − ((9x3 − 5)2)),

which is in C∞(Sd);
◦ The sums of six compactly supported Wendland radial basis function [66]

f4,σ :=
6∑

i=1

φσ (zi − x), σ ≥ 0,

where z1 = [1, 0, 0]T, z2 = [−1, 0, 0]T, z3 = [0, 1, 0]T, z4 = [0, −1, 0]T, z5 = [0, 0, 1]T, and z6 =
[0, 0, −1]T. The original Wendland functions

φ̃σ (r) :=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(1 − r)2+, σ = 0,

(1 − r)4+(4r + 1), σ = 1,

(1 − r)6+(35r2 + 18r + 3)/3, σ = 2,

(1 − r)8+(32r3 + 25r2 + 8r + 1), σ = 3,

(1 − r)10+ (429r4 + 450r3 + 210r2 + 50r + 5)/5, σ = 4,

are defined in [67], where (r)+ := max{r, 0} for r ∈ R, and the normalized Wendland functions 
(test functions below) as defined in [11] are

φσ (r) := φ̃σ

(
r

δσ

)
, δσ := 3(σ + 1)�(σ + 1/2)

2�(σ + 1)
, σ ≥ 0.

The normalized Wendland functions converge pointwise to a Gaussian as σ → ∞, see [19]; more-
over, f4,σ ∈ Hσ+3/2(Sd), see [41,51].

1 Robert Womersley, Interpolation and Cubature on the Sphere, http:// www.maths .unsw.edu .au /~rsw /Sphere/; accessed in Au-
gust, 2022.
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Fig. 1. Convergence of the unfettered hyperinterpolation in the approximation of f1.

5.2. Unfettered hyperinterpolation and scattered data

We start with a very interesting example of the unfettered hyperinterpolation with scattered data. 
As we have discussed in Theorem 1 and Corollary 3.2, the performance (i.e., the L2 error) of the 
unfettered hyperinterpolation is heavily dependent on the constant η, and what we need to do is to 
control this constant. In particular, if the degree n and the number m of quadrature points are fixed, 
Corollary 3.2 suggests that η has a lower bound of order 

√
n2 log n/m. It is immediate to see that η

is positively correlated to n and negatively to m. Moreover, the term 
√

η2 + 4η‖χ∗
n ‖L2 in the error 

bound (27) has a lower bound of order√√√√n2 log n

m
+ 4

√
n2 log n

m
.

That is, for a given n, the term 
√

η2 + 4η‖χ∗
n ‖L2 has a lower bound of order m−1/4.

We first solely investigate the term 
√

η2 + 4η‖χ∗
n ‖L2 that arises as an artifact when the quadrature 

exactness assumption is discarded and leads to the divergence of the unfettered hyperinterpolation 
by examining the test function f1 ∈ P6(Sd). As En( f1) = 0 for all n ≥ 6, we can focus on this term √

η2 + 4η‖χ∗
n ‖L2 by letting n ≥ 6. The L2 errors are depicted in Fig. 1: For each pair of (n, m), we 

test ten times and report the average in terms of solid lines with markers; the maximal and minimal 
errors among these ten tests contribute to the upper and lower bounds of the filled region. We have 
at least three observations. Firstly, a larger degree n of the unfettered hyperinterpolation, counterin-
tuitively but rigorously asserted by our theory, leads to a larger value of 

√
η2 + 4η‖χ∗

n ‖L2 , because 
Corollary 3.2 suggests that η is negatively related to n. Secondly, as n increases, the unfettered hy-
perinterpolation becomes more stable in the sense that the gap between the maximal and minimal 
errors among the ten tests for each pair of (n, m) shrinks. This is also asserted by Corollary 3.2 that 
the error bound (27) is valid with probability exceeding 1 − c̄n−γ . Thirdly, as m increases, the decay-
ing rate of the unfettered hyperinterpolation with respect to m for each n coincides with the rate of 
m−1/4. This observation is partially covered by our theory that the term 

√
η2 + 4η‖χ∗

n ‖L2 has a lower 
bound of order m−1/4, see discussions in the previous paragraph, and a reasonable conjecture is that 
there may hold 

√
η2 + 4η‖χ∗

n ‖L2 � m−1/4.
After characterizing the behavior of the term 

√
η2 + 4η‖χ∗

n ‖L2 , we then consider the L2 error of 
the unfettered hyperinterpolation. If En( f ) is not zero, then error estimate (27) is controlled by two 
terms, En( f ) and 

√
η2 + 4η‖χ∗

n ‖L2 . We repeat the above procedure for non-polynomial functions f2
and f3, and the L2 errors are displayed in Fig. 2, in which we only report the average errors. We see 
that when m is relatively small, the term 

√
η2 + 4η‖χ∗

n ‖L2 dominates the error bound, so a smaller 
n leads to a smaller η and hence a smaller error bound; when m is relatively large, η becomes tiny, 
and the term En( f ) dominates the error bound, so a larger n leads to a smaller error bound.
17
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Fig. 2. Convergence of the unfettered hyperinterpolation in the approximation of f2 and f3.

Thus, we may conclude a rule of thumb for determining the degree n of the unfettered hyperinter-
polation in real-world applications: If the number of samples is limited, then choose a small n; on 
the other hand, if the samples are relatively sufficient, then choose a large n.

5.3. QMC hyperinterpolation and QMC designs

We then investigate the QMC hyperinterpolation, using equal area points, Coulomb energy points, 
Fekete points, and spherical t-designs. We first consider the approximation of f1 ∈ P6 by the QMC 
hyperinterpolation using equal area points, and we show that the refined error estimate (35) in The-
orem 3 is indeed sharper than the estimate (27) in Theorem 1. A convergence result of quadrature 
rules using equal area points can be found in [31, Section 6.1]. For any n ≥ 6, we have

‖Qn f1 − f1‖L2 ≤ c′′(s,d)

ms/d

√
Z(d + 1,n)

a(s)
n

‖ f1‖Hs , (38)

in the light of Corollary 4.1. As the QMC strength s∗ of equal area points is conjectured in [16] to be 
2, we may expect the decaying rate of ‖Qn f1 − f1‖L2 with respect to m to be m−1 on the 2-sphere 
S2. However, from the general framework of the unfettered hyperinterpolation, we can only expect 
the decaying rate to be m−1/2; see discussions at the end of Section 4.1. The L2 errors are depicted 
in Fig. 3, which perfectly coincide with these deductions from our theory. We see that although the 
QMC hyperinterpolation can be regarded as a special case in the general framework of unfettered 
hyperinterpolation, the general estimate may not be sharp. Moreover, we find that a smaller n leads 
to a smaller error, as suggested by the error bound (38).

We then consider the approximation of the normalized Wendland function f4,2 by QMC hyperin-
terpolation, in which the term n−s‖ f4,2‖Hs cannot be ignored. Thus, the terms n−s and m−s/2 jointly 
determine the convergence rate of ‖Qn f4,2 − f4,2‖L2 . It is conjectured in [16] that the strength of 
Fekete points, equal area points, and Coulomb energy points is 1.5, 2, and 2, respectively. The L2 er-
rors are depicted in Fig. 4. Similarly to the unfettered hyperinterpolation using scattered data, we see 

that the term 1
ms/d

√
Z(d+1,n)

a(s)
n

‖ f ‖Hs dominates the error bound when m is relatively small, so a smaller 

n leads to a smaller error; and the term n−s‖ f ‖Hs dominates the error bound when m is relatively 
large. We observe that each error curve flattens as m increases, and the curve of n = 6 is higher 
than others when m is large enough. Note that each curve corresponds to a fixed degree n. Thus the 
rule of thumb for determining the degree n of the unfettered hyperinterpolation also applies to the 
QMC hyperinterpolation. The error curves of the QMC hyperinterpolation using spherical t-designs 
quickly flatten once the number m of spherical t-designs renders the required quadrature exactness 
degrees. The convergence of the QMC hyperinterpolation using Fekete points is not monotonic. In 
18
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Fig. 3. Convergence of the QMC hyperinterpolation in the approximation of f1 using equal area points.

Fig. 4. Convergence of the QMC hyperinterpolation in the approximation of f4,2 using different kinds of point sets.

light of Womersley’s caveat on his website, the non-monotonic convergence is possibly caused by the 
fact that all computed Fekete points are only approximate local maximizers of the determinant for 
polynomial interpolation.

We then study the performance of the QMC hyperinterpolation in the approximation of func-
tions with different levels of smoothness. As we mentioned, the normalized Wendland function f4,σ

belongs to Hσ+3/2(Sd). The L2 errors of the QMC hyperinterpolation of degree n = 5 in the approx-
imation of f4,σ with σ = 0, 1, . . . , 4 are displayed in Fig. 5, and the degree is intentionally set so 
small that error curves corresponding to different σ can be distinguished. As we expect, the QMC 
hyperinterpolation is better in terms of L2 errors if the function to be approximated is smoother.

Finally, we give a numerical example related to Remark 4.1 and Corollary 4.2 by considering the 
approximation of f4,σ . As we mentioned in Section 2.3, to form a spherical t-design, m should satisfy 
m � td . Thus, to construct an original hyperinterpolant Ln f of degree n on the 2-sphere S2 requires 
m to be of order n2, and we have ‖Ln f − f ‖L2 → 0 as n → ∞. According to Remark 4.1, m should 

have a lower bound of order (n + 1)d+ε1n
d2
2s +ε2 for any ε1, ε2 > 0 to imply ‖Qn f − f ‖L2 → 0 as 

n → ∞. The L2 errors with respect to the degree n are depicted in Fig. 6, and we let m = (n + 1)2 and 
�(n + 1)2n

2
σ+3/2 �. The choice of m = (n + 1)2, which suffices to ensure the convergence of the original 
19
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Fig. 5. Convergence of the QMC hyperinterpolation in the approximation of f4,σ with σ = 0,1,2,3,4.

Fig. 6. Performance of the QMC hyperinterpolation in the approximation of f4,σ with m = (n + 1)2 and m = �(n + 1)2n
2

σ+3/2 �.

hyperinterpolation as n → ∞, fails to imply the monotonic convergence of the QMC hyperinterpola-

tion. The choice of m = �(n + 1)2n
2

σ+3/2 �, according to our theory, can ensure the convergence of Qn f
as n → ∞, as shown in Fig. 6. It may be strange to find that a larger σ leads to a larger error level; 
this is due to the choice of m = �(n + 1)2n

2
σ+3/2 �: a larger σ implies a smaller m.

By Corollary 4.2, if we let m � (n +1)2n
2
s +2, then we can expect ‖Qn f − f ‖L2 � n−s . This corollary 

is asserted by Fig. 7, in which we investigate the approximation of f4,2 using equal area points. We 
know that f4,2 ∈ H2+3/2(Sd), thus we test on five choices of the number m, namely, m = β�(n +
1)2n2+ 2

2+3/2 � with β = 1, 2, 3, 4, 5. We see that the decaying rates of five choices all coincide with 
n−(2+3/2) . This observation suggests ‖Qn f4,2 − f4,2‖L2 � n−(2+3/2) , and more importantly, successfully 
verifies our theory on the QMC hyperinterpolation.

6. Concluding remarks

In this paper, we investigate the approximation scheme of hyperinterpolation on the sphere. The 
quadrature rules used in the construction of hyperinterpolation are not required to be exact for any 
polynomials but only to satisfy the Marcinkiewicz–Zygmund property, and we give the correspond-
ing error estimate. Such an approximation scheme without the quadrature exactness assumption is 
referred to as the unfettered hyperinterpolation. If the quadrature rules use QMC designs, then the 
error estimate can be refined. To emphasize the particularity of QMC designs, we refer to the hyper-
interpolation using QMC designs as quadrature points as the QMC hyperinterpolation. Note that the 
QMC hyperinterpolation can be regarded as a special case in the general framework of the unfettered 
20
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Fig. 7. Convergence of the QMC hyperinterpolation in the approximation of f4,2 with m been a multiple β of �(n + 1)2n2+ 2
σ+3/2 �

for β = 1, 2, 3, 4, 5.

hyperinterpolation. The general and refined estimates are split into two terms: a term representing 
the error estimate of the original hyperinterpolation of full quadrature exactness and the other in-
troduced as compensation for the loss of exactness degrees. The newly introduced term may not 
converge to zero as the degree of hyperinterpolation tends to ∞, and we need to control it in prac-
tice. Numerical experiments show that the construction of hyperinterpolation using quadrature rules 
without exactness is feasible, and they verify the error estimates given in Sections 3 and 4. The gen-
eral framework of the unfettered hyperinterpolation on the sphere may be extended to the scheme 
of hyperinterpolation on other regions, such as a disk [27], a square [17], a cube [18,65], a spherical 
triangle [63], and a spherical shell [35,36].

Acknowledgements

We would like to thank Dr. Yoshihito Kazashi and Dr. Xiaosheng Zhuang for their helpful comments 
on our manuscript. We are very grateful to the anonymous referees for their careful reading of our 
manuscript and their many insightful comments.

References

[1] R.A. Adams, Sobolev Spaces, Pure and Applied Mathematics, vol. 65, Academic Press, New York, 1975.
[2] C. An, X. Chen, I.H. Sloan, R.S. Womersley, Well conditioned spherical designs for integration and interpolation on the 

two-sphere, SIAM J. Numer. Anal. 48 (2010) 2135–2157, https://doi .org /10 .1137 /100795140.
[3] C. An, H.N. Wu, Lasso hyperinterpolation over general regions, SIAM J. Sci. Comput. 43 (2021) A3967–A3991, https://doi .

org /10 .1137 /20M137793X.
[4] C. An, H.N. Wu, Tikhonov regularization for polynomial approximation problems in Gauss quadrature points, Inverse Probl. 

37 (2021), Paper No. 015008, https://doi .org /10 .1088 /1361 -6420 /abcd44.
[5] C. An, H.N. Wu, On the quadrature exactness in hyperinterpolation, BIT 62 (2022) 1899–1919, https://doi .org /10 .1007 /

s10543 -022 -00935 -x.
[6] K. Atkinson, W. Han, Theoretical Numerical Analysis. A Functional Analysis Framework, third ed., Texts in Applied Mathe-

matics, vol. 39, Springer, Dordrecht, 2009.
[7] J. Baldeaux, J. Dick, QMC rules of arbitrary high order: reproducing kernel Hilbert space approach, Constr. Approx. 30 (2009) 

495–527, https://doi .org /10 .1007 /s00365 -009 -9074 -y.
[8] E. Bannai, R.M. Damerell, Tight spherical designs. I, J. Math. Soc. Jpn. 31 (1979) 199–207, https://doi .org /10 .2969 /jmsj /

03110199.
[9] E. Bannai, R.M. Damerell, Tight spherical designs. II, J. Lond. Math. Soc. (2) 21 (1980) 13–30, https://doi .org /10 .1112 /jlms /

s2 -21.1.13.
21

http://refhub.elsevier.com/S0885-064X(23)00058-4/bib5AD106604155903233EA26C2E896B5E6s1
https://doi.org/10.1137/100795140
https://doi.org/10.1137/20M137793X
https://doi.org/10.1137/20M137793X
https://doi.org/10.1088/1361-6420/abcd44
https://doi.org/10.1007/s10543-022-00935-x
https://doi.org/10.1007/s10543-022-00935-x
http://refhub.elsevier.com/S0885-064X(23)00058-4/bib0844C965A952C83CBDA22838E06EFDC2s1
http://refhub.elsevier.com/S0885-064X(23)00058-4/bib0844C965A952C83CBDA22838E06EFDC2s1
https://doi.org/10.1007/s00365-009-9074-y
https://doi.org/10.2969/jmsj/03110199
https://doi.org/10.2969/jmsj/03110199
https://doi.org/10.1112/jlms/s2-21.1.13
https://doi.org/10.1112/jlms/s2-21.1.13


C. An and H.-N. Wu Journal of Complexity 80 (2024) 101789
[10] A. Bondarenko, D. Radchenko, M. Viazovska, Optimal asymptotic bounds for spherical designs, Ann. Math. (2) 178 (2013) 
443–452, https://doi .org /10 .4007 /annals .2013 .178 .2 .2.

[11] J.S. Brauchart, Explicit Families of Functions on the Sphere with Exactly Known Sobolev Space Smoothness, Contemporary 
Computational Mathematics—a Celebration of the 80th Birthday of Ian Sloan, vol. 1, 2, Springer, Cham, 2018, pp. 153–177.

[12] J.S. Brauchart, J. Dick, Quasi-Monte Carlo rules for numerical integration over the unit sphere S2, Numer. Math. 121 (2012) 
473–502, https://doi .org /10 .1007 /s00211 -011 -0444 -6.

[13] J.S. Brauchart, J. Dick, E.B. Saff, I.H. Sloan, Y.G. Wang, R.S. Womersley, Covering of spheres by spherical caps and worst-case 
error for equal weight cubature in Sobolev spaces, J. Math. Anal. Appl. 431 (2015) 782–811, https://doi .org /10 .1016 /j .jmaa .
2015 .05 .079.

[14] J.S. Brauchart, P.J. Grabner, I.H. Sloan, R.S. Womersley, Needlets liberated. ArXiv preprint arXiv:2207.12838, 2022.
[15] J.S. Brauchart, K. Hesse, Numerical integration over spheres of arbitrary dimension, Constr. Approx. 25 (2007) 41–71, https://

doi .org /10 .1007 /s00365 -006 -0629 -4.
[16] J.S. Brauchart, E.B. Saff, I.H. Sloan, R.S. Womersley, QMC designs: optimal order quasi Monte Carlo integration schemes on 

the sphere, Math. Comput. 83 (2014) 2821–2851, https://doi .org /10 .1090 /S0025 -5718 -2014 -02839 -1.
[17] M. Caliari, S. De Marchi, M. Vianello, Hyperinterpolation on the square, J. Comput. Appl. Math. 210 (2007) 78–83, https://

doi .org /10 .1016 /j .cam .2006 .10 .058.
[18] M. Caliari, S. De Marchi, M. Vianello, Hyperinterpolation in the cube, Comput. Math. Appl. 55 (2008) 2490–2497, https://

doi .org /10 .1016 /j .camwa .2007.10 .003.
[19] A. Chernih, I.H. Sloan, R.S. Womersley, Wendland functions with increasing smoothness converge to a Gaussian, Adv. Com-

put. Math. 40 (2014) 185–200, https://doi .org /10 .1007 /s10444 -013 -9304 -5.
[20] P. Delsarte, J.M. Goethals, J.J. Seidel, Spherical codes and designs, Geom. Dedic. 6 (1977) 363–388, https://doi .org /10 .1007 /

bf03187604.
[21] R.A. DeVore, G.G. Lorentz, Constructive Approximation, Grundlehren der Mathematischen Wissenschaften [Fundamental 

Principles of Mathematical Sciences], vol. 303, Springer-Verlag, Berlin, 1993.
[22] J. Dick, Walsh spaces containing smooth functions and quasi-Monte Carlo rules of arbitrary high order, SIAM J. Numer. 

Anal. 46 (2008) 1519–1553, https://doi .org /10 .1137 /060666639.
[23] J. Dick, F.Y. Kuo, I.H. Sloan, High-dimensional integration: the quasi-Monte Carlo way, Acta Numer. 22 (2013) 133–288, 

https://doi .org /10 .1017 /S0962492913000044.
[24] F. Filbir, H.N. Mhaskar, Marcinkiewicz–Zygmund measures on manifolds, J. Complex. 27 (2011) 568–596, https://doi .org /10 .

1016 /j .jco .2011.03 .002.
[25] T. Goda, A note on concatenation of quasi-Monte Carlo and plain Monte Carlo rules in high dimensions, J. Complex. 72 

(2022) 12, https://doi .org /10 .1016 /j .jco .2022 .101647, Paper No. 101647.
[26] T. Goda, K. Suzuki, T. Yoshiki, Optimal order quasi–Monte Carlo integration in weighted Sobolev spaces of arbitrary smooth-

ness, IMA J. Numer. Anal. 37 (2017) 505–518, https://doi .org /10 .1093 /imanum /drw011.
[27] O. Hansen, K. Atkinson, D. Chien, On the norm of the hyperinterpolation operator on the unit disc and its use for the solu-

tion of the nonlinear poisson equation, IMA J. Numer. Anal. 29 (2009) 257–283, https://doi .org /10 .1093 /imanum /drm052.
[28] K. Hesse, I.H. Sloan, Worst-case errors in a Sobolev space setting for cubature over the sphere S2, Bull. Aust. Math. Soc. 71 

(2005) 81–105, https://doi .org /10 .1017 /S0004972700038041.
[29] K. Hesse, I.H. Sloan, Cubature over the sphere S2 in Sobolev spaces of arbitrary order, J. Approx. Theory 141 (2006) 

118–133, https://doi .org /10 .1016 /j .jat .2006 .01.004.
[30] K. Hesse, I.H. Sloan, Hyperinterpolation on the sphere, in: Frontiers in Interpolation and Approximation, in: Pure Appl. 

Math. (Boca Raton), vol. 282, Chapman & Hall/CRC, Boca Raton, 2007, pp. 213–248.
[31] K. Hesse, I.H. Sloan, R.S. Womersley, Numerical integration on the sphere, in: Handbook of Geomathematics, Springer–

Verlag, Berlin Heidelber, 2010.
[32] K. Hesse, I.H. Sloan, R.S. Womersley, Radial basis function approximation of noisy scattered data on the sphere, Numer. 

Math. 137 (2017) 579–605, https://doi .org /10 .1007 /s00211 -017 -0886 -6.
[33] F.J. Hickernell, I.H. Sloan, G.W. Wasilkowski, On tractability of weighted integration over bounded and unbounded regions 

in Rs , Math. Comput. 73 (2004) 1885–1901, https://doi .org /10 .1090 /S0025 -5718 -04 -01624 -2.
[34] A. Hinrichs, L. Markhasin, J. Oettershagen, T. Ullrich, Optimal quasi-Monte Carlo rules on order 2 digital nets for the nu-

merical integration of multivariate periodic functions, Numer. Math. 134 (2016) 163–196, https://doi .org /10 .1007 /s00211 -
015 -0765 -y.

[35] Y. Kazashi, A fully discretised polynomial approximation on spherical shells, GEM Int. J. Geomath. 7 (2016) 299–323, 
https://doi .org /10 .1007 /s13137 -016 -0084 -1.

[36] Y. Kazashi, A fully discretised filtered polynomial approximation on spherical shells, J. Comput. Appl. Math. 333 (2018) 
428–441, https://doi .org /10 .1016 /j .cam .2017.11.005.

[37] F.Y. Kuo, I.H. Sloan, Quasi-Monte Carlo methods can be efficient for integration over products of spheres, J. Complex. 21 
(2005) 196–210, https://doi .org /10 .1016 /j .jco .2004 .07.001.

[38] Q.T. Le Gia, H.N. Mhaskar, Localized linear polynomial operators and quadrature formulas on the sphere, SIAM J. Numer. 
Anal. 47 (2009) 440–466, https://doi .org /10 .1137 /060678555.

[39] Q.T. Le Gia, F.J. Narcowich, J.D. Ward, H. Wendland, Continuous and discrete least-squares approximation by radial basis 
functions on spheres, J. Approx. Theory 143 (2006) 124–133, https://doi .org /10 .1016 /j .jat .2006 .03 .007.

[40] Q.T. Le Gia, I.H. Sloan, The uniform norm of hyperinterpolation on the unit sphere in an arbitrary number of dimensions, 
Constr. Approx. 17 (2001) 249–265, https://doi .org /10 .1007 /s003650010025.

[41] Q.T. Le Gia, I.H. Sloan, H. Wendland, Multiscale analysis in Sobolev spaces on the sphere, SIAM J. Numer. Anal. 48 (2010) 
2065–2090, https://doi .org /10 .1137 /090774550.

[42] P. Leopardi, Diameter bounds for equal area partitions of the unit sphere, Electron. Trans. Numer. Anal. 35 (2009) 1–16.
22

https://doi.org/10.4007/annals.2013.178.2.2
http://refhub.elsevier.com/S0885-064X(23)00058-4/bib273D52D699949F5D4BB82116B5492E3Bs1
http://refhub.elsevier.com/S0885-064X(23)00058-4/bib273D52D699949F5D4BB82116B5492E3Bs1
https://doi.org/10.1007/s00211-011-0444-6
https://doi.org/10.1016/j.jmaa.2015.05.079
https://doi.org/10.1016/j.jmaa.2015.05.079
http://refhub.elsevier.com/S0885-064X(23)00058-4/bibBD9540515F4EC654606AEDFF7DC70FFFs1
https://doi.org/10.1007/s00365-006-0629-4
https://doi.org/10.1007/s00365-006-0629-4
https://doi.org/10.1090/S0025-5718-2014-02839-1
https://doi.org/10.1016/j.cam.2006.10.058
https://doi.org/10.1016/j.cam.2006.10.058
https://doi.org/10.1016/j.camwa.2007.10.003
https://doi.org/10.1016/j.camwa.2007.10.003
https://doi.org/10.1007/s10444-013-9304-5
https://doi.org/10.1007/bf03187604
https://doi.org/10.1007/bf03187604
http://refhub.elsevier.com/S0885-064X(23)00058-4/bib2848CBBAC4A045DDCD80054892CF89C6s1
http://refhub.elsevier.com/S0885-064X(23)00058-4/bib2848CBBAC4A045DDCD80054892CF89C6s1
https://doi.org/10.1137/060666639
https://doi.org/10.1017/S0962492913000044
https://doi.org/10.1016/j.jco.2011.03.002
https://doi.org/10.1016/j.jco.2011.03.002
https://doi.org/10.1016/j.jco.2022.101647
https://doi.org/10.1093/imanum/drw011
https://doi.org/10.1093/imanum/drm052
https://doi.org/10.1017/S0004972700038041
https://doi.org/10.1016/j.jat.2006.01.004
http://refhub.elsevier.com/S0885-064X(23)00058-4/bib1D783C1CB6152350220842FA12F76B70s1
http://refhub.elsevier.com/S0885-064X(23)00058-4/bib1D783C1CB6152350220842FA12F76B70s1
http://refhub.elsevier.com/S0885-064X(23)00058-4/bib71C45AAAFCBDB098FDD271E4A4BD56B5s1
http://refhub.elsevier.com/S0885-064X(23)00058-4/bib71C45AAAFCBDB098FDD271E4A4BD56B5s1
https://doi.org/10.1007/s00211-017-0886-6
https://doi.org/10.1090/S0025-5718-04-01624-2
https://doi.org/10.1007/s00211-015-0765-y
https://doi.org/10.1007/s00211-015-0765-y
https://doi.org/10.1007/s13137-016-0084-1
https://doi.org/10.1016/j.cam.2017.11.005
https://doi.org/10.1016/j.jco.2004.07.001
https://doi.org/10.1137/060678555
https://doi.org/10.1016/j.jat.2006.03.007
https://doi.org/10.1007/s003650010025
https://doi.org/10.1137/090774550
http://refhub.elsevier.com/S0885-064X(23)00058-4/bib9DDDF39CB3636A7FF2055C0CCA79F61Cs1


C. An and H.-N. Wu Journal of Complexity 80 (2024) 101789
[43] S.B. Lin, Y.G. Wang, D.X. Zhou, Distributed filtered hyperinterpolation for noisy data on the sphere, SIAM J. Numer. Anal. 59 
(2021) 634–659, https://doi .org /10 .1137 /19M1281095.

[44] J.L. Lions, E. Magenes, Non-Homogeneous Boundary Value Problems and Applications. Vol. I, Die Grundlehren der Mathe-
matischen Wissenschaften, vol. 181, Springer-Verlag, New York-Heidelberg, 1972, Translated from the French by P. Kenneth.

[45] J. Marcinkiewicz, A. Zygmund, Sur les fonctions indépendantes, Fundam. Math. 29 (1937) 60–90, http://eudml .org /doc /
212925.

[46] V.G. Maz’ya, T.O. Shaposhnikova, Theory of Multipliers in Spaces of Differentiable Functions, Monographs and Studies in 
Mathematics, vol. 23, Pitman, Boston, 1985.

[47] H.N. Mhaskar, F.J. Narcowich, J.D. Ward, Spherical Marcinkiewicz–Zygmund inequalities and positive quadrature, Math. 
Comput. 70 (2001) 1113–1130, https://doi .org /10 .1090 /S0025 -5718 -00 -01240 -0.

[48] C. Müller, Spherical Harmonics, Lecture Notes in Mathematics, vol. 17, Springer-Verlag, Berlin-New York, 1966.
[49] F. Narcowich, P. Petrushev, J. Ward, Decomposition of Besov and Triebel-Lizorkin spaces on the sphere, J. Funct. Anal. 238 

(2006) 530–564, https://doi .org /10 .1016 /j .jfa .2006 .02 .011.
[50] F.J. Narcowich, P. Petrushev, J.D. Ward, Localized tight frames on spheres, SIAM J. Math. Anal. 38 (2006) 574–594, https://

doi .org /10 .1137 /040614359.
[51] F.J. Narcowich, J.D. Ward, Scattered data interpolation on spheres: error estimates and locally supported basis functions, 

SIAM J. Math. Anal. 33 (2002) 1393–1410, https://doi .org /10 .1137 /S0036141001395054.
[52] E.A. Rakhmanov, E.B. Saff, Y.M. Zhou, Minimal discrete energy on the sphere, Math. Res. Lett. 1 (1994) 647–662, https://

doi .org /10 .4310 /MRL .1994 .v1.n6 .a3.
[53] M. Reimer, Hyperinterpolation on the sphere at the minimal projection order, J. Approx. Theory 104 (2000) 272–286, 

https://doi .org /10 .1006 /jath .2000 .3454.
[54] M. Reimer, Generalized hyperinterpolation on the sphere and the Newma–Shapiro operators, Constr. Approx. 18 (2002) 

183–204, https://doi .org /10 .1007 /s00365 -001 -0008 -6.
[55] M. Reimer, Multivariate Polynomial Approximation, International Series of Numerical Mathematics, vol. 144, Birkhäuser 

Verlag, Basel, 2003.
[56] R.J. Renka, Multivariate interpolation of large sets of scattered data, ACM Trans. Math. Softw. 14 (1988) 139–148, https://

doi .org /10 .1145 /45054 .45055.
[57] P.D. Seymour, T. Zaslavsky, Averaging sets: a generalization of mean values and spherical designs, Adv. Math. 52 (1984) 

213–240, https://doi .org /10 .1016 /0001 -8708(84 )90022 -7.
[58] I.H. Sloan, Polynomial interpolation and hyperinterpolation over general regions, J. Approx. Theory 83 (1995) 238–254, 

https://doi .org /10 .1006 /jath .1995 .1119.
[59] I.H. Sloan, R.S. Womersley, The uniform error of hyperinterpolation on the sphere, in: Advances in Multivariate Approxi-

mation, in: Mathematical Research, vol. 107, Wiley-VCH, Berlin, 1999, pp. 289–306.
[60] I.H. Sloan, R.S. Womersley, Extremal systems of points and numerical integration on the sphere, Adv. Comput. Math. 21 

(2004) 107–125, https://doi .org /10 .1023 /B :ACOM .0000016428 .25905 .da.
[61] I.H. Sloan, R.S. Womersley, Filtered hyperinterpolation: a constructive polynomial approximation on the sphere, GEM Int. J. 

Geomath. 3 (2012) 95–117, https://doi .org /10 .1007 /s13137 -011 -0029 -7.
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