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Numerical Integration on Spheres

Hao-Ning Wu (UGA) 1/20



The Classical Assumption

What numerical analysis assumes

q Exact quadrature rules

q Highly structured point sets

q Full access over sampling
locations

What data gives us

q Scattered or random samples

q Data collected externally

q Limited or no control over point
locations

Quadrature exactness is a mathematical luxury, not a
practical assumption.
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Spherical Designs

q Consider spherical integrals∫
Sd

f dω =
∫ 2π

0

∫ 1

−1
f (λ, µ)dµdλ,

where Sd = {x ∈ Rd+1 : ‖x‖2 = 1}.
latitude: Gauss–Legendre in µ
longitude: uniform grid in λ
8 Severe point clustering near poles

(a) latitude-longitude grid (b) equal area point

q Spherical analogue of Gauss quadrature: A spherical t-design
{xj}mj=1 is a carefully constructed set of points such that

1

|Sd |

∫
Sd

pdω =
1

m

m

∑
j=1

p(xj ) ∀p ∈ Pt

• High accuracy for approximation, PDEs, and integral equations
• High-accuracy designs are difficult to compute and incompatible with

scattered, random, or data-driven sampling.
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From Exactness to Marcinkiewicz–Zygmund inequalities

q Classical View: Accuracy via Exactness

Accuracy comes from exact integration:

m

∑
j=1

wjp(xj ) =
∫

Sd
pdω ∀p ∈ P2n

q Our View: Accuracy via Stability

Stability comes from geometric sampling conditions: For η ∈ [0, 1),

(1− η)
∫

Sd
p2dω ≤

m

∑
j=1

wjp(xj )
2 ≤ (1+ η)

∫
Sd
p2dω ∀p ∈ Pn,

implying ∣∣∣∣∣ m

∑
j=1

wjp(xj )
2 −

∫
Sd
p2dω

∣∣∣∣∣ ≤ η
∫

Sd
p2dω

We don’t need quadrature exactness but MZ.
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Why MZ is the right language: Encodes geometry, not exactness

q Includes spherical t-designs as a special case (η = 0 if t = 2n)

q Holds for scattered and random points:

scattered data
(Filbir & Mhaskar, 2011)

q MZ holds if n . η/hXm

random data
(Le Gia & Mhaskar, 2009)

q MZ holds with probability
at least 1− c̄n−γ on the
condition m ≥ c̄nd log n/η2

Numerical analysis:
From quadrature exactness-based to MZ-based.

Hao-Ning Wu (UGA) 5/20



From Numerical Integration to Function Approximation

Hao-Ning Wu (UGA) 6/20



Hyperinterpolation as an Approximation Scheme

q Goal: To build an approximation operator from sampled data at
scattered locations on the sphere/manifold.

q Hyperinterpolation, scheme of approximation: To replace
continuous inner products by a weighted quadrature rule:

Lnf :=
dn

∑
`=1

〈f , p`〉mp`,

where 〈f , g〉m :=
m

∑
j=1

wj f (xj )g(xj ) with all wj > 0.
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What we gain and lose by relaxing exactness

Sloan (1995): quadrature
exactness degree 2n

q Lnp = p for any p ∈ Pn

q ‖Lnf ‖2 ≤ |Sd |1/2‖f ‖∞

q ‖Lnf − f ‖2 ≤ 2|Sd |1/2En(f )

Ours (2022): quadrature exactness
degree n+ k (0 < k ≤ n) + MZ

q Lnp = p for any p ∈ Pk

q ‖Lnf ‖2 ≤
|Sd |1/2

√
1− η

‖f ‖∞;

q ‖Lnf − f ‖2 ≤(
1√

1− η
+ 1

)
|Sd |1/2Ek (f )

where En(f ) := inf
p∈Pn

‖f − p‖∞.
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Figure: Spherical 50- and 30-designs, generated by the optimization method proposed
by An, Chen, Sloan, and Womersley (2010).
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Accuracy degrades gracefully, not catastrophically.
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Computation without Exact Sampling (2024)

Assume the quadrature rule satisfies the MZ property only. Then for
any f ∈ C (Ω):

‖Lnf − f ‖L2 ≤

√1 + η

(
m

∑
j=1

wj

)1/2

+ |Sd |1/2

En(f )

+
√

η2 + 4η‖p∗‖L2 ,

where ‖f − p∗‖∞ = En(f ).

q Error bounds depends on sampling geometry

q Applicable to fully data-driven settings
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From Approximation to PDEs and Integral Equations
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Application I: Semi-linear PDEs on Spheres

q To compute smooth solutions of semi-linear PDEs on Sd−1 ⊂ Rd

with dimension d ≥ 3 of the form

ut = Lu +N(u), u(0, x) = u0(x),

where L is a constant-coefficient linear differential operator, and N
is a constant-coefficient nonlinear differential (or non-differential)
operator of lower order.

• Nonlinearity + sphere geometry
• High accuracy traditionally needs highly structured sampling
• Data-driven point sets break classical assumptions

q Example: Allen–Cahn equation

ut = ν2∆u − F ′(u), u(0, x) = u0(x),

where F ′(u) = f (u) = u3 − u.
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Our idea: Linearizing the nonlinear part N(u) by hyperinterpolation:un+1 − un

τ
= ν2∆un+1 −LN

(
(un)3 − un

)
, n ≥ 0,

u0 = LNu0

where τ > 0 is the time step.

Figure: Numerical solution to the Allen–Cahn equation with ν = 0.1 and initial
condition u(0, x , y , z) = cos(cosh(5xz)− 10y ) using our scheme with τ = 0.5, N = 15
and m = (2N + 1)2 = 961 equal area points
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Application II: Fredholm Integral Equations with Singular Kernels

q Consider the Fredholm integral equation of the second kind

ϕ(x)−
∫

S2
h(|x − y |)K (x , y )ϕ(y )dω(y ) = f (x)

on S2, where |x − y | :=
√

2(1− x · y ), the kernel K is continuous
but possibly oscillatory, and the weight function h : (0, ∞)→ R

may be weakly singular, i.e., h is continuous for all x , y ∈ S2 with
x 6= y , and there exists positive constants M and α ∈ (0, 2] such
that

|h(|x − y |)| ≤ M |x − y |α−2;

q Potential issues:

• Singular kernels amplify point clustering
• Standard pointwise quadrature can explode
• Need a discretization that respects the singular structure
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A semi-analytical approach for the singular kernel

+ Let {Y`,k : ` = 0, . . . , n, k = 1, . . . , 2`+ 1} be the set of spherical
harmonics of degree ≤ n. They are orthogonal polynomials on spheres.

+ Modified moments (derived by Funk–Hecke formula) Computing the
singular part analytically∫

S2
h(|x − y |)Y`,k (y )dω(y ) = µ`Y`,k (x),

where (|x − y | :=
√

2(1− x · y ) and h(|x − y |) = (21/2(1− x · y )1/2))

µ` := 2π
∫ 1

−1
h(21/2(1− t)1/2)P`(t)dt.
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+ Example 1: h(|x − y |) = |x − y |ν with −2 < ν < 0. Then

µ` = 2ν+2π
(
−ν

2

)
`

Γ
(

ν+2
2

)
Γ
(
`+ ν

2 + 2
) with (x)n :=

Γ(x + n)

Γ(x)
for x > 0.

+ Example 2: h(|x − y |) = log |x − y |. Then

µ` = 2π
∫ 1

−1
log(21/2(1− t)1/2)P`(t)dt = π

∫ 1

−1
log(2(1− t))P`(t)dt.

+ Example 3: h(|x − y |) = |x − y |ν1 |x + y |ν2 with −2 ≤ ν1, ν2 < 0.
Then

µ` = 2(ν1+ν2)/2(2π)
∫ 1

−1
(1− t)ν1/2(1 + t)ν2/2P`(t)dt.
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A new quadrature rule for the integral operator

For the integral operator
∫

S2 h(|x − y |)K (x , y )ϕ(y )dω(y ), we
approximate it as∫

S2
h(|x − y |)Ln (K (x , ·)ϕ(·))dω(y )

=
∫

S2
h(|x − y |)

(
n

∑
`=0

2`+1

∑
k=1

〈K (x , ·)ϕ,Y`,k 〉m Y`,k (y )

)
dω(y )

=
n

∑
`=0

2`+1

∑
k=1

(∫
S2

h(|x − y |)Y`,k (y )dω(y )
)
〈K (x , ·)ϕ,Y`,k 〉m

=
m

∑
j=1

wj

(
n

∑
`=0

2`+1

∑
k=1

µ`Y`,k (x) Y`,k (x j )

)
K (x , x j )ϕ(x j )

=:
m

∑
j=1

Wj (x)K (x , x j )ϕ(x j ),
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Two-stage numerical scheme for the integral equation

Let ϕγ denotes the numerical solution:

ϕγ(x)−
m

∑
j=1

Wj (x)K (x , x j )ϕγ(x j ) = f (x)

+ First stage We set x = x j , j = 1, . . . ,m, then numerically solves the
obtained system of linear equations

ϕγ(x i )−
m

∑
j=1

Wj (x i )K (x i , x j )ϕγ(x j ) = f (x i ), i = 1, . . . ,m

for the quantities ϕγ(x j ), j = 1, . . . ,m.

+ Second stage The value of ϕγ(t) at any t ∈ S2 can be evaluated by
the direct usage of

ϕγ(t) = f (t) +
m

∑
j=1

Wj (t)K (t, x j )ϕγ(x j ).
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Numerical experiments for the integral equation solver

Toy example setting: Let ϕ ≡ 1 and compare the computed solution
with 1.
Let h(x , y ) = |x − y |−0.5 and K (x , y ) = cos(10|x − y |), thus

f (x , y ) ≡ 1− 2π
∫ 1

−1

(√
2(1− t)

)−0.5

cos

(
10
√

2(1− t)

)
dt

≈ 0.303738699125466.
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Figure: Numerical solutions with n = 20 and m = (2n+ 1)2.Hao-Ning Wu (UGA) 20/20



Thanks for your attention.

Photo taken at the Castillo San Cristóbal, San Juan, Puerto Rico.


